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a b s t r a c t 

Turbulence is strongly associated with the vast majority of fluid flows in nature and industry. Tradition- 

ally, results given by the direct numerical simulation (DNS) of Navier-Stokes (NS) equations that relate 

to a famous millennium problem are widely regarded as ‘reliable’ benchmark solutions of turbulence, as 

long as grid spacing is fine enough (i.e. less than the minimum Kolmogorov scale) and time-step is small 

enough, say, satisfying the Courant-Friedrichs-Lewy condition (Courant number < 1). Is this really true? 

In this paper a two-dimensional sustained turbulent Kolmogorov flow driven by an external body force 

governed by the NS equations under an initial condition with a spatial symmetry is investigated numer- 

ically by the two numerical methods with detailed comparisons: one is the traditional DNS, the other is 

the ‘clean numerical simulation’ (CNS). In theory, the exact solution must have a kind of spatial symmetry 

since its initial condition is spatially symmetric. However, it is found that numerical noises of the DNS 

are quickly enlarged to the same level as the ‘true’ physical solution, which finally destroy the spatial 

symmetry of the flow field. In other words, the DNS results of the turbulent Kolmogorov flow governed 

by the NS equations are badly polluted mostly. On the contrary, the numerical noise of the CNS is much 

smaller than the ‘true’ physical solution of turbulence in a long enough interval of time so that the CNS 

result is very close to the ‘true’ physical solution and thus can remain symmetric, which can be used as 

a benchmark solution for comparison. Besides, it is found that numerical noise as a kind of artificial tiny 

disturbances can lead to huge deviations at large scale on the two-dimensional Kolmogorov turbulence 

governed by the NS equations, not only quantitatively (even in statistics) but also qualitatively (such as 

spatial symmetry of flow). This highly suggests that fine enough spatial grid spacing with small enough 

time-step alone could not guarantee the validity of the DNS of the NS equations: it is only a necessary 

condition but not sufficient. All of these findings might challenge some of our general beliefs in turbu- 

lence: for example, it might be wrong in physics to neglect the influences of small disturbances to NS 

equations. Our results suggest that, from physical point of view, it should be better to use the Landau- 

Lifshitz-Navier-Stokes (LLNS) equations, which consider the influence of unavoidable thermal fluctuations, 

instead of the NS equations, to model turbulent flows. 

© 2024 Shanghai Jiaotong University. Published by Elsevier B.V. 

This is an open access article under the CC BY-NC-ND license 

( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 
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. Introduction 

Turbulence is strongly associated with the vast majority of fluid 

ows in nature and industry [1–3] . Traditionally, results given by 

he direct numerical simulation (DNS) of Navier-Stokes equations 

nder various initial/boundary conditions are widely regarded as 

reliable’ benchmark solutions of turbulence, as long as spatial 
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rid spacing is fine enough (i.e. less than the minimum Kol- 

ogorov scale) [4] and time-step is small enough, say, satisfying 

he Courant-Friedrichs-Lewy condition (Courant number < 1) [5] . Is 

his definitely true? 

It is widely believed that turbulence flow, as a typical spatio- 

emporal chaotic system [1,3,4] , has the famous ‘butterfly effect’ 

6,7] : microscopic disturbances in turbulent flows, caused by 

ither thermal fluctuations or environmental noises that are small- 

cale but unavoidable in practice, might increase exponentially 

and quickly) to macroscopic levels [8–11] . Recently, Qin and Liao 
n access article under the CC BY-NC-ND license 
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u

m

12] provided a rigorous evidence that numerical noise as a kind of 

iny artificial stochastic disturbances can indeed increase quickly 

o the same order of magnitude of the ‘true’ physical solution of a 

wo-dimensional sustained turbulent Rayleigh-Bénard convection, 

nd in addition can have quantitative and qualitative large-scale 

nfluences in statistics, and even might lead to different types of 

ow. 

Note that numerical noises, i.e. truncation error and round-off

rror, always exist and are practically unavoidable in each result 

iven by the ‘direct numerical simulation’ (DNS). Unfortunately, 

s mentioned above, due to the chaotic property of turbulence 

13,14] , the tiny numerical noises as a kind of micro-level distur- 

ances increase exponentially (and thus quickly) to a macroscopic 

evel, therefore each DNS result of turbulent flow is a kind of mix- 

ure of ‘true’ physical solution (denoted by p) and ‘false’ numerical 

oise (denoted by δ) that are mostly at the same order of mag- 

itude, i.e. p ∼ δ, as currently illustrated by Qin and Liao [12] us- 

ng a two-dimensional Rayleigh-Bénard turbulent flow as an exam- 

le by means of the so-called ‘clean numerical simulation’ (CNS) 

12,15–19] . For investigations on turbulence, statistic properties are 

ore important than spatio-temporal trajectory of numerical sim- 

lation. It is a pity that, traditionally, the ‘true’ solution p is un- 

nown so that one had to use the the badly polluted simulation, 

.e. the above-mentioned mixture p + δ, to gain statistic results 

 p + δ〉 , where 〈 〉 denotes an operator of statistics. Unfortunately,

his is based on such a ‘hypothesis’ that 〈 p + δ〉 = 〈 p〉 , say, the

tatistics is stable under disturbances, where p denotes the ‘true’ 

hysical solution. But, as illustrated by Liao [16] , this hypothesis is 

ot definitely true for many chaotic systems [18,19] and even some 

urbulent flows: the DNS results of a kind of two-dimensional 

ayleigh-Bénard turbulent flow are quite different from these 

iven by CNS not only in statistics but also even in type of flow 

12] . 

Here, let us briefly describe the basic idea of the CNS. In or- 

er to obtain a ‘convergent’ (or reproducible) numerical simulation 

i.e. a result very close to ‘true’ solution p) of chaotic dynamical 

ystems [2,6,20–22] , Liao [15] proposed a new numerical strategy, 

amely the ‘clean numerical simulation’ (CNS) [12,15–19,23,24] , to 

educe the background numerical noise (i.e. the truncation error 

nd round-off error) so greatly that numerical noise is negligi- 

le (say, the ‘false’ numerical noise δ is much smaller than the 

true’ physical solution p, i.e. | δ| � | p| ) during a finite but long

nough interval of time t ∈ [0 , Tc ] , where Tc is the so-called ‘crit-

cal predictable time’. In the frame of the CNS, temporal and spa- 

ial truncation errors can be decreased to a required small level 

y means of the Taylor expansion with a high enough order in 

he temporal dimension and a fine enough discretization in the 

patial dimension (such as the high-order spatial Fourier expan- 

ion), respectively. Besides, all of the physical/numerical variables 

nd parameters must be in the multiple precision (MP) [25] with 

 large enough number of significant digits so that the round- 

ff error can be decreased to a required small level. Moreover, 

n additional numerical simulation with the even smaller numer- 

cal noise of the same chaotic system is required to determine 

he value of Tc via a comparison with the previous CNS result so 

hat the corresponding numerical noise of the simulation could be 

egligible and thus this computer-generated simulation is conver- 

ent/reproducible within the whole spatial domain in the temporal 

nterval [0 , Tc ] . In this way, unlike other traditional numerical algo- 

ithms using double precision, the CNS can give reliable numerical 

imulation of a chaotic system in a finite but long enough inter- 

al of time, say, the CNS result is so close to the ‘true’ physical

olution p that one can gain its statistics 〈 p〉 accurately. Here, it 

hould be emphasized that the so-called ‘critical predictable time’ 

enoted by Tc is a very important concept in the frame of the CNS: 

nlike DNS results whose interval of time can be as long as one 
294
ould like without considering the influences of the exponential 

ncrease of numerical noises, CNS can give a reliable result only in 

 finite but long enough interval of time, i.e. t ∈ [0 , Tc ] . So, for the

rst time, the CNS provides us a tool to carefully check the hypoth- 

sis 〈 p + δ〉 = 〈 p〉 for chaotic systems and turbulent flows, where

p + δ on the left hand side denotes numerical simulations given 

y a traditional numerical method using double precision (such as 

NS), and p on the right-hand side can be accurately gained by 

eans of the CNS, respectively. 

Up to now, the CNS has been successfully applied to many 

haotic dynamical systems, such as Lorenz system [15,26] , the fa- 

ous three-body problem [24,27–30] , Hénon-Heiles chaotic sys- 

em [23] , hyperchaotic Rössler system [31,32] , a chaotic free-fall 

isk [33] , Arnold-Beltrami-Childress (ABC) flow [34] , the com- 

lex Ginzburg-Landau equation (CGLE) [18] , the damped driven 

ine-Gordon equation (SGE) [19] , the two-dimensional turbulent 

ayleigh-Bénard convection [12] , and so on. It was found that the 

ypothesis 〈 p + δ〉 = 〈 p〉 indeed holds for many chaotic systems 

nd turbulent flows, say, their statistics are stable, which are called 

normal-chaos’. But, it was found that the hypothesis 〈 p + δ〉 = 〈 p〉
oes not hold for some chaotic systems and turbulent flows, say, 

heir statistics are unstable to small disturbances, which are called 

ultra-chaos’ [31,34–36] . The ultra-chaos as a brand-new concept 

ight greatly deepen and enrich our understandings about chaos 

s well as turbulence. 

In this paper, let us further consider a two-dimensional tur- 

urlent flow of viscous fluid, driven by an external body forc- 

ng that is stationary, monochromatic, and sinusoidally varying 

n space. This kind of flow was first introduced by Kolmogorov 

n 1959 [37] , called ‘Kolmogorov flow’ and usually regarded as a 

athematically and experimentally tractable flow model whose 

nstability [38–41] , global stability [42] , chaotic property [13,14] , 

nd turbulent state [43–45] have been investigated in details. The 

olmogorov flow can be practically realized in the laboratory by 

eans of the magnetohydrodynamics (MHD) [46–48] or in a soap 

lm [49] . Furthermore, due to some additional physical factors 

uch as the Coriolis term (i.e. the effect of the planetary rotation) 

50,51] , the bottom friction [52–54] , and the stratification [41,55] , 

olmogorov flows have also been widely studied in geophysical 

uid dynamics. 

In this investigation, we compare the CNS result of the two- 

imensional Kolmogorov turbulence with that given by a tradi- 

ional DNS using double precision. In this way, we can check the 

ypothesis 〈 p + δ〉 = 〈 p〉 in details, where the left-hand side is

iven by the DNS, and the right-hand side is given by the CNS, 

espectively. The mathematical model is described in Section 2 , 

he detailed comparisons between CNS and DNS results are given 

n Section 3 , and the discussions and conclusions are given in 

ection 4 , respectively. As reported in Section 3 , numerical noises 

s a kind of small-scale disturbances have huge influences on 

arge-scale properties of the two-dimensional Kolmogorov tur- 

ulence not only in spatio-temporal trajectories and its spatial 

ymmetry but also in various statistics. Especially, it is found 

hat the hypothesis 〈 p + δ〉 = 〈 p〉 does not stand up for the two-

imensional Kolmogorov turbulence under consideration, say, the 

ne enough spatial grid spacing with small enough time-step can- 

ot guarantee the validity of the DNS: it is only a necessary condi- 

ion but not sufficient. 

. Mathematical model and numerical strategy 

.1. Governing equation and initial/boundary conditions 

Consider an incompressible flow in a domain [0 , L ] × [0 , L ]

nder the so-called ‘Kolmogorov forcing’, which is stationary, 

onochromatic, and sinusoidally varying in space, with an integer 
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a

〈
0 0 
K describing the forcing scale and χ representing the correspond- 

ng forcing amplitude per unit mass of fluid [45] . Using the length 

cale L/ 2 π and the time scale 
√ 

L/ 2 πχ , the non-dimensional gov- 

rning equation of this two-dimensional Kolmogorov flow in the 

orm of stream function reads 

∂ 

∂t 

(∇2 ψ
)

+ ∂(ψ , ∇2 ψ ) 

∂(x, y ) 
− 1 

Re 
∇4 ψ + nK cos (nK y ) = 0 , (1) 

here x and y are horizontal and vertical coordinates with x, y ∈ 

0 , 2 π ] , t denotes the time, the stream function ψ is defined by 

 = −∂ψ 

∂y 
, v = ∂ψ 

∂x 
, (2) 

 and v represent horizontal and vertical velocities, Re is the 

eynolds number defined by 

e =
√ 

χ

ν

(
L 

2 π

) 3 
2 

, (3) 

denotes the kinematic viscosity, ∇2 is the Laplace operator with 

he definition ∇4 = ∇2 ∇2 , and 

∂(a, b) 

∂(x, y ) 
= ∂a 

∂x 

∂b 

∂y 
− ∂b 

∂x 

∂a 

∂y 
(4) 

s the Jacobi operator, respectively. Note that the stream-function 

satisfies the periodic condition on the boundary 

(0 , y, t) = ψ(2 π, y, t) , ψ(x, 0 , t) = ψ(x, 2 π, t) . (5)

Following Chandler and Kerswell [45] , we choose the physical 

arameters in (1) as follows: 

K = 4 , Re = 40 , (6) 

ith the initial condition (this is different from Chandler and Ker- 

well [ 45 ]) 

(x, y, 0) = −1 

2 

{ 

cos (x + y ) + cos (x − y )
} 

, (7) 

orresponding to a sustained turbulent Kolmogorov flow. 

Note that there exists a kind of spatial symmetry in the initial 

ondition (7) . According to the governing equation (1) , the peri- 

dic boundary condition (5) and the initial condition (7) with the 

patial symmetry, it is straight forward that the solution of the cor- 

esponding NS equations should be in the form of a series 

(x, y, t ) =
+ ∞ ∑ 

m =0 

+ ∞ ∑ 

n =1 

{
am,n (t ) cos (mx + ny ) + bm,n (t) cos (mx−ny )

}
,

(8) 

here am,n (t) and bm,n (t) are unknown coefficients dependent 

pon the time t . Therefore, the exact solution of the Navier-Stokes 

quations have the spatial symmetry 

(x, y, t) = ψ(−x, −y, t) = ψ(2 π − x, 2 π − y, t) , (9)

lthough the coefficients am,n (t) and bm,n (t) in (8) are unknown. 

hus, the loss of such kind of spatial symmetry clearly indicates 

he large deviation from the true solution of the Navier-Stokes 

quations. This is exactly the reason why we choose the periodic 

oundary condition (5) and the initial condition (7) with the spa- 

ial symmetry! 

.2. Strategy of CNS 

First of all, let us simply describe the strategy of CNS. The CNS 

s used to greatly decrease the background numerical noise, i.e. the 

runcation and round-off errors, to such a required tiny level that 

he corresponding ‘false’ numerical noise of the simulation is much 

maller than, and thus negligible compared with, the ‘true’ physical 
295
olution of the considered Kolmogorov flow in an interval of time 

hat is long enough for statistics. In this way, a convergent (re- 

roducible) and reliable numerical result of the two-dimensional 

olmogorov turbulence can be obtained, which is used here as 

he ‘clean’ and ‘true’ benchmark solution. Briefly speaking, to de- 

rease the spatial truncation error of the simulation to a small 

nough level, we discretize the spatial domain of the flow field 

y a uniform mesh Nx × Ny = 256 × 256 , and adopt the Fourier 

pectral method for spatial approximation with the 3 / 2 rule for 

ealiasing. The corresponding spatial resolution is high enough for 

he Kolmogorov flow under consideration: the grid spacing is less 

han the minimum instantaneous Kolmogorov scale [4] , as shown 

ater in Section 3.5 . Besides, to decrease the temporal truncation 

rror to a required small enough level, we use the 60th-order (i.e. 

 = 60 ) Taylor expansion with a time-step �t = 1 × 10−3 . Further-

ore, in order to decrease the round-off error to a required small 

nough level, we use multiple precision with 200 significant digits 

i.e. Ns = 200 ) for all physical/numerical variables and parameters. 

n addition, the self-adaptive CNS strategy [32] is adopted to dra- 

atically reduce the calculation amount. Similarly, we run another 

NS using the same Fourier spectral method with the same uniform 

patial mesh but having the even smaller temporal truncation error 

nd round-off error by means of a higher-order (i.e. M = 62 ) Taylor 

xpansion with the same time-step ( �t = 1 × 10−3 ) and the higher 

ultiple precision with more significant digits (i.e. Ns = 205 ). Com- 

aring these two CNS results by means of the so-called ‘spectrum- 

eviation’ δs (t) whose definition is given in Section 2.3 , it is found 

hat δs < 10−19 is satisfied throughout the whole simulation 0 ≤
 ≤ 1500 , say, these two CNS results have no distinct difference in 

n interval of time 0 ≤ t ≤ 1500 that is long enough for calculat- 

ng statistics. This verifies the convergence and reliability of our 

NS result in t ∈ [0 , 1500] given by means of M = 60 , �t = 10−3 

nd Ns = 200 , which can be regarded as a ‘clean’ benchmark re- 

ult, since it is very close to the ‘true’ physical solution of the two- 

imensional Kolmogorov turbulence under consideration. For de- 

ails about the CNS algorithm of the Kolmogorov turbulence, please 

efer to Appendix A. 

On the other hand, in the case of the same initial condition 

7) and the same physical parameters (6) , the same governing 

quation (1) is solved numerically in t ∈ [0 , 1500] by a traditional

NS algorithm, i.e. the fourth-order Runge-Kutta’s method with 

he double precision using the time-step �t = 10−4 , whose numer- 

cal noise increases exponentially (and quickly) up to the same or- 

er of magnitude of the ‘true’ physical solution and thus can not 

e negligible thereafter. Therefore, the corresponding DNS result 

ecomes a mixture of the ‘true’ physical solution and the ‘false’ 

umerical noise, which are mostly at the same order of magnitude. 

hen, comparing this DNS result with the CNS benchmark solution, 

e can investigate the influence of numerical noises as tiny arti- 

cial stochastic disturbances on the two-dimensional Kolmogorov 

urbulence in details. 

For both of DNS and CNS, the grid spacing is fine enough, i.e. 

atisfying the spacing criterion [4] , and the time-steps are small 

nough, i.e. satisfying the Courant-Friedrichs-Lewy condition [5] , as 

hown in Section 3.5 in details. 

.3. Some measures of the flow 

For the sake of simplicity, the definitions of some statistic oper- 

tors are briefly described below. The spatial average is defined by 

 〉A =
1 

4 π2 

∫ 2 π ∫ 2 π

d xd y (10) 
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nd the spatiotemporal average (along the x direction) is defined 

y 

 〉x,t = 1 

2 π(T2 − T1 ) 

∫ 2 π

0 

∫ T2 

T1 

d xd t, (11) 

espectively, where T1 = 200 and T2 = 1500 are chosen in 

ection 3 corresponding to a long enough temporal interval, as 

ell as a relatively stable state of the flow. Besides, the spatiotem- 

oral average (over the whole field) is defined by 

 〉 = 1 

4 π2 (T2 − T1 ) 

∫ 2 π

0 

∫ 2 π

0 

∫ T2 

T1 

d xd yd t, (12) 

here different values of T1 and T2 correspond to different integral 

ntervals of time. 

For the two-dimensional Kolmogorov turbulence under consid- 

ration, vorticity is expanded as the Fourier series 

(x, y, t) = ∇2 ψ(x, y, t ) =
� Nx / 3 
 ∑ 

m = −� Nx / 3 
 

� Ny / 3 
 ∑ 

n = −� Ny / 3 
 

m,n (t ) exp (i mx ) exp (i ny ) , 

(13) 

here m , n are integers, � 
 stands for a floor function, i = √ −1

enotes the imaginary unit, and for dealiasing 
m,n = 0 is imposed 

or wavenumbers outside the above domain 

∑ 

, respectively. Note 

hat, when ω is a real number, 
−m, −n = 
∗
m,n must be satisfied, 

here 
∗
m,n is the conjugate of 
m,n . The enstrophy spectrum is 

efined by 

l (t) =
∑ 

l −1 / 2 ≤
√ 

m2 + n2 <l +1 / 2 

∣∣
m,n (t)
∣∣2 

, (14) 

here the wave number l is a non-negative integer. In addition, for 

wo different numerical results that give different enstrophy spec- 

rum Bl (t) and B′ 
l 
(t) , respectively, where B′ 

l 
(t) corresponds to the 

imulation with smaller numerical noise, we define the so-called 

spectrum-deviation’ 

s (t) =

∑ 

l=0 

∣∣∣Bl (t) − B′ 
l 
(t)

∣∣∣
∑ 

l=0 

B′ 
l 
( t) 

(15) 

o measure the deviation of the simulation corresponding to Bl (t) , 

rom the other corresponding to B′ 
l 
(t) , at a given time t . 

In Section 3 , we will focus on the kinetic energy 

(x, y, t) = 1 

2 

[ u2 (x, y, t) + v2 (x, y, t)] (16) 

nd the kinetic energy dissipation rate 

 (x, y, t) = 1 

2 Re 

∑ 

i j 

[
∂i uj (x, y, t) + ∂ j ui (x, y, t)

]
2 , (17) 

here i, j = 1 , 2 , u1 = u , u2 = v , ∂1 = ∂ /∂ x , and ∂2 = ∂ /∂ y , respec-

ively. 

. Influence of numerical noises as tiny disturbances 

As mentioned in Section 2.2 , comparing the DNS result, which 

s a mixture of the ‘true’ physical solution and the ‘false’ numeri- 

al noise that are mostly at the same order of magnitude, with the 

NS benchmark solution, whose ‘false’ numerical noises are neg- 

igible and thus which is very close to its ‘true’ physical solution 

n a finite but long enough interval of time, we can investigate 

n details the influence of numerical noise as a kind of tiny arti- 

cial stochastic disturbances on the two-dimensional Kolmogorov 

urbulence under consideration. Some results of detailed compar- 

sons are shown in this section. 
296
.1. Trajectory, spatial symmetry and statistics 

As shown in Fig. 1 and 2 , the DNS results of vorticity ω defined

y (13) at different time t are compared with the corresponding 

clean’ benchmark solution given by the CNS. Note that the flow 

tates given by DNS and CNS are completely the same at the be- 

inning times such as t = 90 , as shown in Fig. 1 (a) and (b), when

he numerical noise of the DNS result has not yet increased to the 

ame order of magnitude of the ‘true’ physical solution so that the 

acroscopic deviation between DNS and CNS cannot be observed 

y eyes. It should be emphasized that, for both results given by 

he DNS and the CNS up to t = 90 , there exists a kind of spa-

ial symmetry, as shown in Fig. 1 (a) and (b). So, the DNS result 

n t ∈ [0 , 90] should be close enough to the ‘true’ physical solu-

ion. Unfortunately, the corresponding interval of time is too short 

or calculations of statistics. As the time increases, for instances at 

 = 110 and t = 120 , the deviation between the DNS result from

he CNS benchmark solution becomes more and more obvious, as 

hown in Fig. 1 (e)-(h). To clearly indicate this deviation, let us con- 

ider the normalized absolute error of the vorticity between DNS 

esult and the CNS benchmark solution, defined by 

ω =
∫ 2 π

0 

∫ 2 π
0 | ωDNS − ωCNS | d xd y ∫ 2 π
0 

∫ 2 π
0 | ωCNS | d xd y 

, (18) 

here ωDNS and ωCNS denote the vorticity given by the DNS and 

NS, respectively. It is found that the normalized absolute errors of 

he vorticity, denoted by δω , are 0.00 6 at t = 90 , 0.0 6 at t = 100 ,

.49 at t = 110 and 1.12 at t = 120 , respectively. Note that, when

 ≥ 120 , the vorticity field given by the DNS completely losses the 

patial symmetry, but the vorticity field given by the CNS bench- 

ark solution always keeps such kind of spatial symmetry even at 

 = 1500 , as shown in Fig. 2 . Note that the ‘false’ numerical noise

f the CNS benchmark result is much smaller than its ‘true’ phys- 

cal solution and thus is negligible compared to the ‘true’ phys- 

cal solution in the whole interval of time t ∈ [0 , 1500] . However,

hen t ≥ 120 , the ‘false’ numerical noise of the DNS result is at the

ame order of magnitude as the ‘true’ physical solution, as shown 

n Fig. 3 , say, thereafter the DNS result is badly polluted, which nat- 

rally leads to the loss of the spatial symmetry and a large-scale 

llustrative deviation in the flow field from the ‘true’ physical solu- 

ion! The quantitative comparisons of the field geometrical struc- 

ures will be given in Section 3.2 . 

As mentioned in Section 2.2 , the exact solution of the Navier- 

tokes equations considered in this paper have the spatial symme- 

ry (9) . Note that the result given by the CNS indeed has this kind

f spatial symmetry in the whole interval of time t ∈ [0 , 1500] . But,

nfortunately, the result given by the DNS loses such kind of spa- 

ial symmetry when t > 120 , as shown in Figs. 1 and 2 , because

he numerical noises, which have no spatial symmetry, have been 

nlarged to the same order of magnitude as the ‘true’ solution and 

hus finally destroy this kind of spatial symmetry of the flow field. 

his is a clear and rigorous evidence that the numerical results 

iven by the DNS are indeed “badly polluted” when t > 120 . 

How about the influences of the numerical noises as a kind 

f artificial tiny disturbances in statistics? First of all, let us con- 

ider the spatially averaged kinetic energy dissipation rate 〈 D 〉A , 

here 〈 〉A is an operator of statistics defined by (10) , and D de-

otes the kinetic energy dissipation rate defined by (17) , respec- 

ively. As shown in Fig. 4 , when t > 150 , 〈 D 〉A given by the CNS

with a approximate average 0.25) is obviously higher than that 

iven by the DNS (with a approximate average 0.1), where the de- 

iation of nearly 2.5 times in magnitude clearly reveals the large 

ifferences. Note that our DNS result is in accord with the DNS 

nes given by Chandler and Kerswell [45] , which is also a mixture 
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Fig. 1. Comparisons of the vorticity field ω of the two-dimensional Kolmogorov turbulence governed by (1) in the case of nK = 4 and Re = 40 with the same initial condition 

(7) given by the CNS (left) and DNS (right), respectively, at the different times. (a)-(b): t = 90 ; (c)-(d): t = 100 ; (e)-(f): t = 110 ; (g)-(h): t = 120 . For details, please see the 

corresponding video . 
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Fig. 2. Comparisons of the vorticity field ω of the two-dimensional Kolmogorov turbulence governed by (1) in the case of nK = 4 and Re = 40 with the same initial condition 

(7) given by the CNS (left) and DNS (right), respectively, at the different times. (a)-(b): t = 500 ; (c)-(d): t = 1500 . For details, please see the corresponding video . 
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f the ‘true’ physical solution and the ‘false’ numerical noise that 

re mostly at the same order of magnitude. 

Let us further consider the Fourier coefficient 
m,n of the vor- 

icity field ω defined by (13) at the time t = 500 , corresponding 

o Fig. 2 (a) and (b). As shown in Fig. 5 , when m is an odd num-

er such as m = 1 or m = 3 , Re( 
m,n ) given by the CNS benchmark

olution is always zero when n is an even number, but Re( 
m,n ) 

iven by the DNS is not zero for all n , where Re( ) is an operator

hat takes the real part of a complex number. On the other hand, 

hen m is an even number such as m = 0 or m = 2 , Re( 
m,n ) given

y the CNS is zero when n is an odd number, but Re( 
m,n ) given

y the DNS is not zero nearly for all n (except 
0 , 0 = 0 ), as shown

n Fig. 6 . Besides, it is found that, when Re( 
m,n ) given by the

NS are not zero, their values are usually an order of magnitude 

arger than those given by the DNS. In addition, the imaginary part 

m( 
m,n ) given by the CNS is always zero for all values of m and
298
 , but this is not found in the DNS result, where Im( ) is an op-

rator that takes the imaginary part of a complex number. These 

re mainly because the ‘false’ numerical noises of the DNS quickly 

ncrease to the same order of magnitude of the ‘true’ physical so- 

ution of the vorticity field, which certainly leads to the large-scale 

uge deviation from the CNS benchmark solution! All of these can 

learly explain why the DNS result losses the spatial symmetry 

hen t > 120 . 

Furthermore, the DNS results of the enstrophy spectrum Bl de- 

ned by (14) of the two-dimensional Kolmogorov turbulence have 

lso huge deviation from the CNS benchmark solution, as shown 

n Fig. 7 and Fig. 8 . The time histories of the enstrophy spec- 

rums at some wave numbers, such as B1 (t) and B50 (t) as shown 

n Fig. 7 (a) and (b), respectively, present the apparent sensitivity 

o numerical noises as a kind of artificial tiny disturbances: the av- 

rage value (about 1.13) of B1 (t) given by the DNS is larger than 
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Fig. 3. The normalized absolute error δω , defined by (18) , and the spectrum- 

deviation δs , defined by (15) , of the vorticity field given by the DNS of the two- 

dimensional Kolmogorov turbulence governed by (1) in the case of nK = 4 and 

Re = 40 with the initial condition (7) , compared to the CNS benchmark solution. 

Red solid line: the normalized absolute error δω ; blue dash line: the spectrum- 

deviation δs . 
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Fig. 4. Comparison of the spatially averaged kinetic energy dissipation rate 〈 D 〉A of 

the two-dimensional Kolmogorov turbulence governed by (1) in the case of nK = 4 

and Re = 40 with the initial condition (7) given by the CNS benchmark result (solid 

line in red), the DNS result (solid line in black), the previous study by Chandler and 

Kerswell [45] (solid line in blue). 
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hat (about 0.60) given by the CNS, but B1 (t) given by the CNS has

arger variation range, which means that the flow given by the DNS 

ontains more kinetic energy at the macroscopical scale and has 

 higher auto-correlation (that will be shown later in detail); On 

he contrary, the average value (about 6 . 0 × 10−12 ) of B50 (t) given 

y the CNS are about 4 times larger than that (about 1 . 5 × 10−12 )

iven by the DNS, indicating that the flow given by the CNS has 

ore energy at the microscopical scale. These phenomena can be 

ell explained by the obvious difference between the kinetic en- 

rgy dissipation rates given by the CNS and DNS, as shown in 

ig. 4 . Besides, at some typical times such as t = 500 and t = 1500
ig. 5. Comparisons of (a) | Re( 
1 ,n ) | and (b) | Re( 
3 ,n ) | of the two-dimensional Kolmog

ondition (7) , where the Fourier coefficient 
m,n of the vorticity ω defined by (13) is giv

odd n : empty circle in black, even n : solid circle in black). Here Re( a ) denotes the real p

299
s shown in Fig. 8 (a) and (b), respectively, as l increases, deviation 

etween the spectrum Bl given by the DNS and CNS benchmark so- 

ution becomes larger and larger, and when l > 10 the values of Bl 

iven by the CNS are obviously higher than that given by the DNS. 

ote that these agree with the results in Fig. 5 and Fig. 6 . It sug-

ests that, for the relatively larger wave number (i.e. smaller turbu- 

ent structure), the flow given by the CNS should contain more ki- 

etic energy than the DNS, which is reasonable considering the ap- 

arently higher kinetic energy dissipation rate of the CNS as shown 

n Fig. 4 . In summary, the numerical noises as a kind of artificial 

iny disturbances lead to huge deviations of the enstrophy spec- 
orov turbulence at t = 500 in the case of nK = 4 and Re = 40 with the the initial 

en either by the CNS benchmark solution (solid triangle in red) or the DNS result 

art of the complex number a , | a | represents the absolute value of a , respectively. 
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Fig. 6. Comparisons of (a) | Re( 
0 ,n ) | and (b) | Re( 
2 ,n ) | of the two-dimensional Kolmogorov turbulence at t = 500 in the case of nK = 4 and Re = 40 with the initial 

condition (7) , where 
m,n of the vorticity ω defined by (13) is given either by the CNS benchmark solution (solid triangle in red) or the DNS result (even n : empty circle in 

black, odd n : solid circle in black). 

Fig. 7. Comparisons of the enstrophy spectrums at certain wavenumbers, i.e. (a) B1 and (b) B50 , of the two-dimensional Kolmogorov turbulence in the case of nK = 4 and 

Re = 40 with the initial condition (7) , given by the CNS (red) and the DNS (black), respectively. 
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rum given by the DNS from the CNS benchmark solution, on both 

f large and small scales, as shown in Fig. 7 and Fig. 8 . 

The comparisons of the probability density function (PDF) of 

he kinetic energy E defined by (16) and the kinetic energy dis- 

ipation rate D defined by (17) given by the CNS and DNS are as

hown in Fig. 9 (a) and (b), respectively. Note that in the whole pa-

er x, y ∈ [0 , 2 π ] and t ∈ [20 0 , 150 0] are used to calculate the PDFs.

ear E ≈ 1 , the DNS result has a larger probability of the distribu-

ion than the CNS benchmark solution, as shown in Fig. 9 (a). For 

arge D , the CNS benchmark solution has a larger probability of the 

istribution than the DNS result, as shown in Fig. 9 (b). The com- 

arisons of the vertical distributions of the spatio-temporal aver- 

ged kinetic energy 〈 E〉x,t and the spatio-temporal averaged kinetic 

nergy dissipation rate 〈 D 〉x,t given by the CNS and DNS, respec- 
300
ively, are as shown in Fig. 10 , where 〈 〉x,t is an operator of statis-

ics defined by (11) . Note that the DNS result mostly has larger 

 E〉x,t than the CNS benchmark solution, but 〈 D 〉x,t given by the 

NS is several times larger than that of the DNS. Besides, although 

he PDF of the horizontal velocity u (x, y, t) given by the DNS is

lose to that given by the CNS, the PDF of the vertical velocity 

 (x, y, t) given by the DNS is quite different from that given by

he CNS, as shown in Fig. 11 . In addition, the PDF of the vorticity

(x, y, t) given by the CNS and DNS are also distinctly different: 

he vorticity ω given by the DNS is more concentrated on zero, as 

hown in Fig. 12 . 

All of the above-mentioned comparisons between the CNS 

enchmark solution and the DNS result clearly indicate that tiny 

isturbances, resulting from the micro-level background numeri- 
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Fig. 8. Comparisons of the enstrophy spectrums Bl at (a) t = 500 and (b) t = 1500 of the two-dimensional Kolmogorov turbulence in the case of nK = 4 and Re = 40 with 

the initial condition (7) , given by the CNS (triangle in red) and the DNS (circle in black), respectively. 

Fig. 9. Comparisons of the probability density function (PDF) of (a) the kinetic energy E(x, y, t) and (b) the kinetic energy dissipation rate D (x, y, t) of the two-dimensional 

Kolmogorov turbulence in the case of nK = 4 and Re = 40 with the initial condition (7) , given by the CNS (red) and the DNS (black), respectively, where PDFs are integrated 

in x, y ∈ [0 , 2 π ] and t ∈ [20 0 , 150 0] . 
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al noise, can lead to huge deviations on both of large and small 

cales not only in spatio-temporal trajectory of the flow field but 

lso in spatial symmetry of the vorticity field as well as statistics 

f many physical quantities, such as the enstrophy spectrum, the 

patio-temporal average and PDFs of the velocity, vorticity, kinetic 

nergy, and kinetic energy dissipation rate of the two-dimensional 

olmogorov turbulence considered in this paper. 

.2. Field geometrical structures 

Based on the aforementioned investigation, the evolution of the 

ow field can also be observed through the changes in field geo- 

etrical structures. For the non-local statistics related to the topol- 
301
gy of flow field, the main challenge lies in the quantitative (rather 

han illustrative) structure identification, which is relatively rare in 

he existing literature. To overcome this challenge, a novel attempt 

or the natural decomposition of scalar fields is the dissipation ele- 

ent (DE) analysis [56–58] . The corresponding DE structures, as a 

epresentation of the whole flow field, are space-filling and able to 

ffectively capture and portray the flow dynamics across the entire 

eld. Additionally, the utilization of the DE analysis approach can 

void the defect of the so-called scale-mixing effect [56] , which is 

ften encountered in traditional structure function analyses. 

Specifically, starting from any spatial point in a (large enough) 

calar field, along with its descending and ascending directions of 

he scalar gradient trajectory, one can inevitably reach a local mini- 
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Fig. 10. Comparisons of the vertical distributions of (a) the spatio-temporal averaged kinetic energy 〈 E〉x,t and (b) the spatio-temporal averaged kinetic energy dissipation 

rate 〈 D 〉x,t of the two-dimensional Kolmogorov turbulence in the case of nK = 4 and Re = 40 with the initial condition (7) , respectively, given by the CNS (red) and the DNS 

(black). 

Fig. 11. Comparisons of the PDF of (a) the horizontal velocity u (x, y, t) and (b) the vertical velocity v (x, y, t) of the two-dimensional Kolmogorov turbulence in the case of 

nK = 4 and Re = 40 with the initial condition (7) , respectively, given by the CNS (red) and the DNS (black). 
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um point and a local maximum point, respectively. The ensemble 

f spatial points whose gradient trajectories share the same pair of 

xtremal points define a DE unit, and thus the DE structures con- 

isting of several DE units can represent the whole flow field. Typ- 

cally, the length scale of each DE unit can be parameterized with 

, say, the linear distance between the two extremal points. For a 

eeper understanding of the properties and applications of the DE 

nalysis, please refer to [56–59] . 

Applying the DE analysis on both the CNS benchmark solution 

nd the DNS result, without loss of generality, for the instanta- 

eous vertical velocity field v (x, y ) at t = 500 , the difference be-

ween topological properties of these two flow fields can be re- 
302
ealed, as shown in Fig. 13 : the local maximal and minimal points 

re represented by the red and blue dots respectively and the 

E boundaries are shown in yellow solid lines. Note that here 

e choose the vertical velocity field rather than the horizontal 

ne mainly for exhibiting an obvious deviation between the CNS 

enchmark solution and the DNS result, which corresponds to the 

esults shown in Fig. 11 . At this moment, the sizes of the DE struc-

ures for the DNS result are generally larger than those given by 

he CNS in the same fixed computational domain. Quantitatively, 

n the one hand, the evolution of the averaged length scale, i.e. 〈 l〉 ,
f the DE units (obtained by means of each instantaneous vertical 

elocity field) is shown in Fig. 14 (a), which indicates that the aver- 
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Fig. 12. Comparison of the PDF of the vorticity ω of the two-dimensional Kol- 

mogorov turbulence in the case of nK = 4 and Re = 40 with the initial condition 

(7) , respectively, given by the CNS (red) and the DNS (black). 
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Fig. 13. Illustration of the dissipation element (DE) structures on the instantaneous 

vertical velocity field v (x, y ) at t = 500 for (a) the CNS benchmark solution or (b) 

the DNS result, where color represents the magnitude of v , the DE boundaries are 

shown in yellow solid lines, and the extremal points are marked by red (maximum) 

and blue (minimum) dots. 
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ged length scales at different time moments given by the DNS are 

enerally larger than those of the CNS benchmark solution after 

n initial period of time. On the other hand, Fig. 14 (b) illustrates 

hat the total number (denoted by Num ) of the DE units (obtained 

ikewise via each instantaneous vertical velocity field) given by the 

NS is less than that given by the CNS most of the time, which

s a natural result corresponding to the difference between length 

cales mentioned above. Note that all of these results can be ex- 

lained from a perspective of the kinetic energy dissipation rate 

as shown in Fig. 4 and Fig. 9 (b)): considering the definition of a

E unit, the lower kinetic energy dissipation rate given by the DNS 

sually corresponds to the smoother and larger DE structures. 

In summary, the numerical noises as a kind of artificial tiny dis- 

urbances leads to quantitatively large deviations on the field geo- 
ig. 14. Comparison of the time histories of (a) averaged length scale 〈 l〉 of the DE units

re obtained by means of the instantaneous vertical velocity field given by the CNS (red) 

303
etrical structures of the two-dimensional Kolmogorov turbulence 

nder consideration. 

.3. Intermittent stability 

According to the time histories of 〈 E〉A and 〈 D 〉A in t ∈ 

70 0 , 120 0] given by the CNS benchmark solution, as shown in

ig. 15 (a) and (b), there exists a short period of time, for exam- 

le, 870 < t < 970 , in which the two-dimensional Kolmogorov tur- 

ulence is in a relatively stable state, corresponding to an intermit- 

ent stability of turbulence [60–62] . Note that the vorticity fields ω
iven by the CNS benchmark solution at t = 900 , t = 920 , t = 940 ,

nd t = 960 are almost unchanged, as shown in Fig. 16 (a)-(d). By

ontrast, the corresponding vorticity fields given by the DNS has 

o such kind of intermittent stability of turbulence in the whole 

eriod of simulation! 

It should be emphasized that the DNS result quickly becomes a 

ixture of the ‘false’ numerical noise δ and the ‘true’ physical solu- 

ion p, which are at the same order of magnitude mostly, i.e. δ ∼ p. 

n the contrary, the numerical noise δ of the CNS benchmark 
 or (b) total number Num of the DE units, where the corresponding DE structures 

or the DNS (black). 
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Fig. 15. Time histories of 〈 E〉A and 〈 D 〉A of the two-dimensional Kolmogorov turbulence in the case of nK = 4 and Re = 40 with the initial condition (7) given by the (a)-(b) 

CNS and (c)-(d) DNS in t ∈ [70 0 , 120 0] , respectively, where the period of time 870 < t < 970 corresponds to the intermittent stability of Kolmogorov turbulence. 
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olution is much smaller than the ‘true’ physical solution p, i.e. 

 δ| � | p| , and thus negligible, so that the CNS benchmark solution 

s very close to the ‘true’ physical solution p. As illustrated above 

n this section, the DNS result of the two-dimensional Kolmogorov 

urbulence has significant deviations from the CNS benchmark so- 

ution not only in trajectory but also in statistics of many physical 

ariables. 

Note that the intermittent stability of turbulence in 870 < t < 

70 can be successfully found by the CNS, but is unfortunately lost 

y the DNS. This indicates once again that CNS should be a pow- 

rful tool to investigate turbulent flows more accurately than DNS. 

opefully, CNS as a new method could bring us some new discov- 

ries in turbulence. 

.4. Scale-to-scale energy flux 

To delve into the underlying physical mechanisms, we employ 

he Filter-Space-Technique (FST) to extract the scale-to-scale en- 
304
rgy flux, denoted as �[ l] (see definition below). FST, initially de- 

eloped for large eddy simulation in the 1970s [63] , involves ap- 

lying a low-pass filter to the velocity field. Mathematically, this is 

xpressed as: 

f [ l] (x , t) =
∫ 

G[ l] (x − x′ ) f (x′ , t) dx′ , (19) 

here f = u (x , t) represents a vector of the two-dimensional ve-

ocity field, and the Gaussian kernel G[ l] (r) = exp (−r2 / 2 l2 ) is com- 

only used as the filter [64–66] . For the incompressible Navier- 

tokes equation, the scale-to-scale energy flux can be derived ana- 

ytically as: 

[ l] (x , t) = −
∑ 

i, j=1 , 2 

[ (
ui uj 

)[ l] − u[ l] 
i 

u[ l] 
j 

] ∂u[ l] 
i 

∂x j 

(20) 

here u1 = u , u2 = v are velocity components and x1 = x , x2 = y

enote spatial coordinates. This term emerges from filtering the 
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Fig. 16. Vorticity field ω of the two-dimensional Kolmogorov turbulence in the case of nK = 4 and Re = 40 with the initial condition (7) given by the CNS in the state of the 

intermittent stability at (a) t = 900 , (b) t = 920 , (c) t = 940 , and (d) t = 960 . 
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onlinear terms in Navier-Stokes equations, capturing the inter- 

ction between scales removed by the filter and those that re- 

ain. Crucially, the sign of �[ l] reveals the direction of energy 

ransfer: a positive value indicates a cascade from larger scales 

 > l) to smaller scales ( < l), while a negative value signifies the

everse. Thus, �[ l] provides valuable insights into both the direc- 

ion and intensity of energy transfer across scales in turbulent 

ows. 

To quantify the energy transfer across different scales, we ap- 

ly FST to the velocity field in this investigation, extracting �[ l] 

or scales ranging from 0 to 2.45. Fig. 17 (a) depicts the aver- 

ged scale-to-scale energy flux 〈 �[ l] 〉 as a function of the scale 

for two distinct time periods: 50 ≤ t ≤ 100 and 110 ≤ t ≤ 250 , 

here the spatio-temporal average 〈 〉 is defined by (12) . For the 

wo-dimensional Kolmogorov turbulence investigated in this pa- 
305
er, the consistently negative values of 〈 �[ l] 〉 across all scales 

onfirm the presence of an inverse energy cascade that is a 

haracteristic of two-dimensional turbulence. Notably, while the 

NS curves remain unchanged between these two time periods, 

 marked deviation is observed between the DNS curves, which 

orresponds to the emergence of the above-mentioned qualita- 

ive difference of the flow field: when t ≥ 120 , the DNS result 

s badly polluted by numerical noises, as shown in Fig. 1 and 

ig. 2 . Furthermore, FST reveals a significant discrepancy in 〈 �[ l] 〉 
t scales around l ≈ l f / 2 (where l f = 2 π/nK = 1 . 57 denotes the

orcing scale) between the results obtained by the CNS and DNS, 

ven in the early stages (such as 50 ≤ t ≤ 100 ) when the vis- 

ble difference between these two cases’ velocity fields is ab- 

ent, which is particularly intriguing and of course caused by the 

umerical noise. 
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Fig. 17. (a) Averaged scale-to-scale energy flux 〈 �[ l] 〉 and (b) the corresponding derivative dl 〈 �[ l] 〉 versus the scale l of the two-dimensional Kolmogorov turbulence in- 

vestigated in this paper, where the vertical dash line in black corresponds to the forcing scale l f = 2 π/nK = 1 . 57 and the horizontal one denotes the zero value of vertical 

coordinate. These averaged results are integrated in t ∈ [50 , 100] (solid lines, i.e. ‘-1’) and t ∈ [110 , 250] (dash and dot lines, i.e. ‘-2’) by means of the CNS benchmark solution 

(red and blue lines) and the DNS result (green and orange lines). 

Fig. 18. Comparisons of the probability density function (PDF) of (a) the kinetic energy E(x, y, t) and (b) the kinetic energy dissipation rate D (x, y, t) of the two-dimensional 

Kolmogorov turbulence in the case of nK = 4 and Re = 40 with the initial condition (7) , given by the CNS (red line), the DNS (black line) with �t = 10−4 and the DNS’ (blue 

symbol) with �t = 2 × 10−4 , respectively, where PDFs are integrated in x, y ∈ [0 , 2 π ] and t ∈ [20 0 , 150 0] . 
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Considering that the CNS has greatly reduced the background 

umerical noise so that the corresponding result can be re- 

arded as a ‘clean’ benchmark solution, these findings, cou- 

led with the observed inverse energy cascade, provides rigor- 

us evidence that the deviation caused by the numerical noise 

f the DNS first manifest at the smallest scales and subse- 

uently propagate upwards to larger scales along with the in- 

erse energy cascade in this two-dimensional Kolmogorov turbu- 

ence. This amplification process eventually leads to the emer- 

ence of significant differences at larger scales as time pro- 

resses. 

To delve deeper into the intricacies of the energy cascade loop, 

e turn our attention to the local balance of energy flux at a given
306
cale l, as described by the following equation [1] : 

l �
[ l] = εν (l) − Ein (l) . (21) 

n this equation, dl stands for the derivation with respect to l , εν (l )

epresents the energy dissipation density function due to fluid vis- 

osity, while Ein (l) denotes the energy injection density function 

esulting from external forces. It is worth noting that εν (l) must be 

reater than or equal to zero, and it approaches zero for scales sig- 

ificantly larger than the Kolmogorov scale (such as its minimum 

min ≈ 0 . 042 mentioned in Section 3.5 ). This allows us to simplify 

he equation as follows: 

(l) ≈ −d �[ l] . (22) 
in l 
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ig. 17 (b) presents the measured dl 〈 �[ l] 〉 versus the scale l in this 

wo-dimensional Kolmogorov turbulence, providing insights into 

nergy injection and extraction processes. The results reveal that 

inetic energy is injected into the system within the scale ranges 

f 0 . 1 � l � 0 . 7 for the CNS and 0 . 1 � l � 1 . 0 for the DNS. However,

hen scales exceed these thresholds (0.7 for the CNS and 1.0 for 

he DNS), kinetic energy is extracted by external forcing. This ex- 

raction is attributed to the alignment of the velocity field and the 

xternal force with two opposite phases at large scale. It is worth 

oting that this pattern of energy injection and extraction has also 

een observed in other two- and quasi-two-dimensional systems 

f turbulence, which is a topic that we plan to explore in greater 

etail in the future. 

The inverse energy cascade has been observed in various (quasi) 

D flow systems, including Kraichnan turbulence [65,67] , bacte- 

ial turbulence [68] , oceanic flows [69–71] , and the dynamics of 

upiter’s and Saturn’s weather layers [72] . Surprisingly, these 2D 

ystems retain intricate dynamics despite dimensionality reduc- 

ion. Our findings here challenge the perception of reduced com- 

lexity in lower dimensions and suggests that energy transfer 

athways can be more intricate than often assumed. For exam- 

le, an external force may not always inject energy; it could pump 

nergy into the cascade at an intermediate scale while simultane- 

usly extracting energy at larger scales to balance the inverse cas- 

ade. A similar pattern was observed in oceanic surface flows un- 

er the Coriolis force [71] . Ultimately, the final status may depend 

n intricate small-scale interactions, as our results demonstrate. A 

ystematical study of other two- and quasi-two-dimensional sys- 

ems of turbulence will be reported in future. 

.5. Validity of direct numerical simulation (DNS) 

Traditionally, DNS results of Navier-Stokes equations are widely 

egarded as ‘reliable’ benchmark solutions of turbulence, as long 

s grid spacing is fine enough (i.e. less than the minimum Kol- 

ogorov scale) [4] and time-step is small enough, say, satisfying 

he Courant-Friedrichs-Lewy condition (Courant number < 1) [5] . 

s this definitely true? 

According to our CNS result, the maximum kinetic energy dis- 

ipation rate Dmax = 5 . 095 appears at t = 659 . 6 , corresponding to

he minimum Kolmogorov scale [4] , say, 

min ≈ Re−3 / 4 (Dmax )
−1 / 4 = 0 . 042 . (23) 

ote that �x = �y = 2 π/Nx ≈ 0 . 0245 . Thus, the famous criterion 

n the grid spacing [4] , i.e. 

x = �y < ηmin , (24) 

s satisfied for the CNS. It should be emphasized that, for the 

NS result, the maximum kinetic energy dissipation rate Dmax 

s about 4.372, corresponding to the minimum Kolmogorov scale 

min = 0 . 043 , so that the grid spacing criterion (24) is also satis-

ed. Therefore, the spatial resolution adopted in this paper is fine 

nough for both of the CNS and DNS of the two-dimensional Kol- 

ogorov turbulence under consideration. 

Besides, it is well-known that a small enough time-step is 

eeded for DNS of Navier-Stokes equations, say, the so-called 

ourant-Friedrichs-Lewy condition, i.e. Courant number < 1, must 

e satisfied [5] . For the two-dimensional Kolmogorov turbulence 

nder consideration, the corresponding Courant number is 0.16 for 

NS and 0.016 for DNS: both of them satisfy Courant-Friedrichs- 

ewy condition! Therefore, the time-step used for both of DNS and 

NS are small enough, too. 

Unfortunately, even so, the DNS result has a huge deviation on 

oth of small and large scales from the CNS benchmark solution 

ot only in trajectory and spatial symmetry but also even in statis- 

ics, as reported above. Especially, as mentioned in Section 2.1 , the 
307
rue solution of the NS equations under consideration has the spa- 

ial symmetry (9) , but unfortunately the DNS loses this kind of 

patial symmetry when t > 120 , while the CNS remains this kind 

f spatial symmetry in the whole interval of time t ∈ [0 , 1500] : this

learly indicates the large deviation of the DNS results (when t > 

20 ) from the true solution of the NS equations! This highly sug- 

ests that even the fine enough grid spacing satisfying the spacing 

riterion (24) with small enough time-step satisfying the Courant- 

riedrichs-Lewy condition [5] could not guarantee the reliability 

nd correction of DNS results: it is only a necessary condition but 

ot a sufficient condition for the validity of the DNS! This also pro- 

ides us a theoretical evidence that the hypothesis 〈 p + δ〉 = 〈 p〉
oes not stand up for the two-dimensional Kolmogorov turbulence 

nder consideration, where 〈 〉 denotes an operator of statistics, 

p + δ is the result of the NS equations given by the DNS, p is the 

true’ physical solution of the NS equations, respectively. 

In addition, it is traditionally assumed that DNS results are cor- 

ect and reliable if they are obtained using different time-step 

nd/or grid spacing but match well each other in statistics. How- 

ver, it is found that the statistic results given by the DNS using 

ifferent time-steps match perfectly with each other, as shown in 

ig. 18 . But unfortunately, even such kind of perfect match still 

annot guarantee the validity of the DNS results: they all quickly 

ose the spatial symmetry (9) and are quite different from those 

iven by the CNS benchmark solution even in statistics! All of 

hese challenge our traditional beliefs. 

. Concluding remarks and discussions 

Traditionally, results given by the direct numerical simulation 

DNS) of Navier-Stokes equations are widely assumed as ‘reliable’ 

enchmark solutions of turbulence, as long as grid spacing is fine 

nough (i.e. less than the minimum Kolmogorov scale) [4] and 

ime-step is small enough, say, satisfying the Courant-Friedrichs- 

ewy condition (Courant number < 1) [5] . Is this definitely true? 

To answer this important fundamental question, a two- 

imensional sustained turbulent Kolmogorov flow driven by an ex- 

ernal body force is solved by means of the two numerical meth- 

ds with detailed comparisons: one is the traditional ‘direct nu- 

erical simulation’ (DNS), the other is the ‘clean numerical sim- 

lation’ (CNS). The results given by the DNS are a kind of mix- 

ure of the ‘false’ numerical noise and the ‘true’ solution of the 

S equations, which are mostly at the same order of magnitude, 

s shown in Fig. 1, Fig. 2 and Fig. 3 . On the contrary, the numeri-

al noise of the result given by the CNS is much smaller than the 

true’ solution of the NS equations in a finite but long enough in- 

erval of time, i.e. t ∈ [0 , 1500] , so that the CNS result is very close

o the ‘true’ solution and thus can be used as a benchmark solu- 

ion of the NS equations for comparison. It is found that numerical 

oise as a kind of small-scale disturbances can lead to huge de- 

iations in both of large and small scales on the two-dimensional 

olmogorov turbulent flow, not only qualitatively but also quanti- 

atively (even in statistics), including the spatial symmetry of the 

ow field, the enstrophy spectrum as well as many statistics of 

hysical quantities such as the velocity, vorticity, kinetic energy, ki- 

etic energy dissipation rate and so on, as reported in Section 3.1 . 

esides, the field geometrical structures are also sensitive to the 

ackground numerical noise as a kind of artificial tiny disturbance, 

s illustrated in Section 3.2 . In addition, it should be emphasized 

hat the so-called intermittent stability of turbulence can be suc- 

essfully found by the CNS, but is unfortunately lost by the DNS, 

s shown in Section 3.3 . It is found in Section 3.4 that the aver-

ged scale-to-scale energy flux given by the DNS has a large de- 

iation from that given by the CNS benchmark solution. Further- 

ore, it is illustrated in Section 3.5 that a fine enough spatial grid 

ith a small enough time-step alone cannot guarantee the cor- 
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ection/reliability and validity of the DNS: it is only a necessary 

ondition but not sufficient. This also provides us a theoretical ev- 

dence that the hypothesis 〈 p + δ〉 = 〈 p〉 does not stand up for the

wo-dimensional Kolmogorov turbulent flow under consideration, 

here 〈 〉 denotes an operator of statistics, p + δ is the result given 

y the DNS that might be “badly polluted”, p is the ‘true’ solu- 

ion of the Navier-Stokes equations, respectively. So, unfortunately, 

NS results of sustained turbulent flows, especially those having 

nergy exchange with external systems, might have huge devia- 

ion from the ‘true’ solution of Navier-Stokes equations. Hopefully, 

NS as a new tool to investigate turbulent flows more accurately 

han DNS could bring us some new discoveries. Of course, more in- 

estigations for various types of turbulent flows are needed in the 

uture. 

It should be emphasized that all results reported above is for 

he case of the Reynolds number Re = 40 . Similarly, we investi- 

ated the two-dimensional Kolmogorov turbulent flow under the 

ame initial condition (7) in ten different Reynolds numbers Re 

hat are randomly chosen in the domain Re ∈ [35 , 50] , and ob-

ained the similar results described above. Thus, all of our conclu- 

ions mentioned above have general meanings. 

In summary, using a two-dimensional sustained turbulent Kol- 

ogorov flow driven by an external body force as an example, we 

llustrated that a DNS result of the Navier-Stokes equations is not 

efinitely correct/reliable even in statistics, even if the grid spac- 

ng and time-step are small enough! This finding might challenge 

ome traditional beliefs and assumptions about the NS equations 

nd turbulence, although they are worldwide accepted nowadays. 

ur finding highly suggests that one had better check very care- 

ully DNS results of some complicated turbulent flows governed 

y the Navier-Stokes equations, especially those having energy ex- 

hange with external systems. 

Certainly, a lots of investigations should be done in future. Be- 

ow are some of our viewpoints for discussions. 

First of all, it should be emphasized that the CNS result has a 

ind of spatial symmetry (9) , which comes from the spatial sym- 

etry of the initial condition (7) and the governing equation (1) . 

s shown in Figs. 1 and 2 , the flow field keeps such kind of spatial

ymmetry (9) for CNS in the whole interval of time t ∈ [0 , 1500] ,

ut for the DNS only in a short interval of time from the beginning,

.e. t ∈ [0 , 120) , beyond which the random numerical noises of the

NS, which have no spatial symmetry at all, have been enlarged to 

he same order of magnitude as the “true” solution of the NS equa- 

ions and thus finally destroy this kind of spatial symmetry (9) of 

he flow field. So, the loss of the spatial symmetry (9) of the DNS

learly indicates its large deviation from the “true” solution of the 

S equations. In mathematics this provides us a rigorous evidence 

hat small disturbances of the NS equations might be increased to 

 macroscopic level, say, at the same level of magnitude as the 

acroscopic physical variables under considerations. This confirms 

nce again the previous conclusions reported by Lin, Wang & Liao 

17] and Qin & Liao [12] for a Rayleigh-Bénard convection turbulent 

ow. However, this is contrary to the general belief that small dis- 

urbances of turbulent flow should be dissipated by the viscosity 

f fluid: it is based on this general belief that NS equations gen- 

rally do not contain the unavoidable tiny noises such as thermal 

uctuations, environmental disturbances, and so on. However, if NS 

quations are indeed an excellent model for turbulence, then our 

esults given by the CNS reveals that its spatiotemporal trajectories 

re very sensitive to small disturbances, so that these small distur- 

ances, no matter they are artificial or physical, must be consid- 

red, say, should not be neglected. Obviously, this leads to a logical 

aradox ! Therefore, it should be wrong in physics for NS equations 

o neglect unavoidable small disturbances! 

Note that nearly all DNS results of NS equations quickly be- 

ome badly polluted. This is obvious from the well-known fact 
308
hat, even for exactly the same NS equations with the same bound- 

ry/initial conditions and the same physical parameters, all DNS re- 

ults quickly become quite different in spatiotemporal trajectories, 

lthough their animations of flow field look quite similar. Here, the 

bvious difference of spatiotemporal trajectories implies the ‘badly’ 

olluted, denoted by p + δ. However, if the statistics of the corre- 

ponding turbulent flows are stable in statistics, say, the hypothe- 

is 〈 p + δ〉 = 〈 p〉 holds, then the badly polluted DNS results p + δ
gree well with the true solution in statistics ! This is the reason 

hy many DNS results agree well with the experiments: the key 

oint is the statistical stability , which is more important than the 

ccuracy of numerical simulations of DNS. 

Secondly, how can we know in general cases whether a DNS 

esult of turbulent flow governed by the NS equations is cor- 

ect/reliable in statistics or not? Although the two-dimensional 

ustained turbulent Kolmogorov flow considered in this paper is 

ust a simple example, it highly suggests that the statistics sta- 

ility, say, 〈 p + δ〉 = 〈 p〉 , should be very important for turbulent

ows. This is exactly the reason why Liao [16] proposed the so- 

alled ‘ modified fourth Clay millennium problem ’: 

“The existence, smoothness and statistic stability of the Navier- 

Stokes equation: Can we prove the existence and smoothness 

of the solution of the Navier-Stokes equation with physically 

proper boundary and initial conditions, whose statistics are sta- 

ble (or unstable), i.e., insensitive (or sensitive) to small distur- 

bances? ”

Note that the statistic stability is emphasized here, since un- 

voidable physical disturbances (such as thermal fluctuations) al- 

ays exist in practice. Statistic stability of turbulent flows is also 

he first problem of “Eight Key Open Questions in Ocean Engineer- 

ng” [73] issued in 2023 by State Key Laboratory of Ocean Engi- 

eering, China. The key point is to find out the necessary and suf- 

cient condition of such kind of statistic stability. From practical 

iew-point of CFD, statistic stability of NS equations is more im- 

ortant than the existence and smoothness of its solution. 

Thirdly, it should be emphasized that, from physical point of 

iew, the NS equations (as a model of turbulence) neglect the in- 

uence of the unavoidable small physical disturbances such as ther- 

al fluctuations and environmental noises. Note that physical ther- 

al fluctuation is often larger than the artificial numerical noise 

f the DNS. Thus, if artificial numerical noises could be regarded 

s physical thermal fluctuations (see Eckmann and Ruelle [74] ), 

ur results imply that small but unavoidable physical disturbances 

ometimes might have huge influences on the long-term statis- 

ics of turbulent flow and thus should not be neglected in physics. 

herefore, from physical point of view, it should be better to use 

he Landau-Lifshitz-Navier-Stokes (LLNS) equations [75,76] , which 

onsider the influence of unavoidable thermal fluctuations, instead 

f the NS equations, to model turbulent flows. So, although the 

S equations might be physically wrong since small unavoidable 

hysical disturbances are not considered, artificial numerical noises 

n computational fluid dynamics (CFD) practically play a role like 

hysical thermal fluctuations [74] , which might “correct”, more or 

ess, this kind of physical mistakes of the NS equations. Therefore, 

rom physical viewpoint, artificial numerical noises might have 

ositive meanings for modelling of turbulence, although they have 

o mathematical meanings at all. It should be emphasized that the 

S equations are only a mathematical model of turbulent flows in 

hysics: they are quite different things. Possibly, the unavoidable 

ut nasty numerical noises might be very important in correctly 

odelling turbulence. It is a pity that the statistic stability and the 

nfluences of artificial numerical noises on modelling turbulence 

ave been neglected. 

Finally, let us point out the differences and relationships be- 

ween the CNS and DNS. First of all, CNS contains an important 
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oncept, namely the “critical predictable time” Tc , within which 

umerical noise of numerical simulation (given by CNS) is much 

maller than its true solution and thus is reliable (i.e. “clean”) and 

an be used as a benchmark solution. Secondly, the reliability of 

esult in t ∈ [0 , Tc ] given by CNS with a numerical noise s1 can be

erified by another result given by CNS with a smaller numerical 

oise s2 < s1 . However, different from the CNS, DNS has not the 

oncept “critical predictable time” Tc at all, since it is a traditional 

elief that small disturbances of NS equations should not enlarge to 

 macroscopic level. In other words, Tc of DNS is assumed to be infi- 

ite from the viewpoint of CNS. Unfortunately, our results reported 

n this paper indicate that this assumption is wrong! This is a fun- 

amental difference between CNS and DNS. On the other side, the 

raditional DNS that uses data in the double precision and the 4th- 

rder Runge-Kutta method in temporal dimension can be regarded 

s a special case of the CNS that adopts the multiple-precision 

nd high-order Taylor expansion in temporal dimension. Note that 

he DNS result reported in this paper loses the spatial symmetry 

9) and thus deviates largely from its true solution when t > 120 ,

ainly because its “critical predictable time” Tc is only about 120, 

ay, Tc ≈ 120 , which is too short for calculating statistics. However, 

nlike DNS, the CNS can greatly enlarge the so-called “critical pre- 

ictable time” Tc by reducing the numerical noises. For example, 

he “critical predictable time” Tc of the CNS result reported in this 

aper is greater than 1500, say, Tc > 1500 , by means of the multi-

le precision with 200 significant digits for all physical/numerical 

ariables and parameters and the 60th-order Taylor expansion with 

he time-step �t = 10−3 . In this way, one can gain a ‘clean’, re-

iable, benchmark solution of NS equations by means of the CNS. 

hortly speaking, DNS can be regarded as a special case of the CNS: 

he CNS has much less numerical noises and thus much larger 

critical predictable time” Tc than the DNS. In other words, CNS 

s more general than DNS. Indeed, for the very first time, CNS pro- 

ides us a way to rigorously verify DNS results: any a CNS result 

ith a “critical predictable time” Tc can be verified by another CNS 

esult with even smaller numerical noises. Without doubt, CNS as 

 more general and more precise tool than DNS can provide us a 

otally new way to investigate turbulent flows. 
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ppendix A. The CNS algorithm for two-dimensional 

olmogorov flow 

In 2020, in order to overcome the huge computation require- 

ents of the CNS algorithm in spectral space, an efficient CNS 

lgorithm [17–19] was proposed in physical space for spatio- 

emporal chaos. Recently, Qin and Liao [12] have successfully ap- 

lied the CNS algorithm in physical space to a two-dimensional 

urbulent Rayleigh-Bénard convection. Here, the basic idea of this 

ind of efficient CNS algorithm is briefly described by using the 

wo-dimensional Kolmogorov flow as an example. 

We rewrite the governing equation (1) , which is based on 

avier-Stokes equations, as following: 

∂ 

∂t 
(ψxx + ψyy ) = ψy (ψxxx + ψxyy ) − ψx (ψxxy + ψyyy ) 

+ 1 

Re 
(ψxxxx + 2 ψxxyy + ψyyyy ) − nK cos (nK y ) , (A.1) 

here x and y as subscripts denote the spatial derivatives corre- 

ponding to horizontal and vertical directions, respectively. 

The computational domain x, y ∈ [0 , 2 π ] is discretized by means

f Nx × Ny equidistant, i.e. 

j =
2 π j 

Nx 
, yk =

2 πk 

Ny 
, (A.2) 

here j = 0 , 1 , 2 , ..., Nx − 1 and k = 0 , 1 , 2 , ..., Ny − 1 . 

To reduce truncation errors in the dimension of time, the high- 

rder Taylor expansions are adopted, i.e. 

(x j , yk , t + �t) ≈
M ∑ 

m =0 

ψ [ m ] (x j , yk , t )(�t )m , (A.3) 

here �t is the time-step, M is the order of Taylor expansion, with 

he definition 

[ m ] (x j , yk , t) =
1 

m ! 

∂m ψ(x j , yk , t) 

∂tm 

. (A.4) 

ere, the order M should be large enough so as to reduce the trun- 

ation errors to a required tiny level. 

Differentiating (m − 1) times both sides of (A.1) with respect to 

and then dividing them by m ! , we obtain the governing equation 

f ψ [ m ] : 

[ m ] 
xx (x j , yk , t) + ψ [ m ] 

yy (x j , yk , t) =
1 

m 

{ 

Fm 

+ 1 

Re 

[
2 ψ [ m −1] 

xxyy (x j , yk , t) 

+ ψ [ m −1] 
xxxx (x j , yk , t) + ψ [ m −1] 

yyyy (x j , yk , t)
]

+
m −1 ∑ 

r=0 

ψ [ r] 
y (x j , yk , t)

[
ψ [ m −1 −r] 

xxx (x j , yk , t) + ψ [ m −1 −r] 
xyy (x j , yk , t)

]

−
m −1 ∑ 

r=0 

ψ [ r] 
x (x j , yk , t)

[
ψ [ m −1 −r] 

xxy (x j , yk , t) + ψ [ m −1 −r] 
yyy (x j , yk , t)

]} 

, (A.5) 

here m ≥ 1 and 

m 

=
{

−nK cos (nK yk ) , m = 1 

0 , m > 1 . 
(A.6) 

Note that there exist some spatial partial derivatives denoted by 

ubscripts in (A.5) , such as ∂ s1 + s2 ψ [ r] / (∂ xs1 ∂ ys2 ) with r, s1 , s2 ≥ 0 .

n order to approximate these spatial partial derivative terms with 

https://doi.org/10.13039/501100001809
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S. Qin, Y. Yang, Y. Huang et al. Journal of Ocean Engineering and Science 9 (2024) 293–310

h

c

ψ

w

r

f

�

i

t

t

 

 

H

c

c

n

e

t

t

e

d

H

o

e

a

b

b

n

w

f

e

t

e  

c

S

f

R

 

 

[

[

[
[

[
[

[
[

[

[

[

[
[

[

[
[

[
[

[

[

[
[

[
[

[

[

[

[
[

[
[

[

[
[

[  

[

[
[

[
[  

[

[
[

[

[

[

 

[
[

[

igh computational efficiency and precision from the known dis- 

rete variable ψ [ r] (x j , yk , t) , we adopt the spatial Fourier series 

[ r] (x, y, t) ≈
� Nx / 3 
 ∑ 

nx = −� Nx / 3 
 

� Ny / 3 
 ∑ 

ny = −� Ny / 3 
 
� [ r] (nx , ny , t) exp (i nx x ) exp (i ny y ) , 

(A.7) 

here nx , ny are integers, � 
 stands for a floor function, i = √ −1 

epresents the imaginary unit, for dealiasing �[ r] = 0 is imposed 

or wavenumbers outside the above domain 

∑ 

, and 

[ r] (nx , ny , t) = 1 

Nx Ny 

Nx −1 ∑ 

j=0 

Ny −1 ∑ 

k =0 

ψ [ r] (x j , yk , t) exp (−i nx x j ) exp (−i ny yk ) , 

(A.8) 

s determined by the known ψ [ r] (x j , yk , t) . Then, we can obtain 

he rather accurate approximations of the spatial partial derivative 

erms in (A.5) , say, 

∂ s1 + s2 ψ [ r] 

∂ xs1 ∂ ys2 
(x j , yk , t) 

≈ is1 + s2 

� Nx / 3 
 ∑ 

nx = −� Nx / 3 
 

� Ny / 3 
 ∑ 

ny = −� Ny / 3 
 
(nx )

s1 (ny )
s2 � [ r] (nx , ny , t) exp (i nx x j ) exp (i ny yk ) .

(A.9)

ere, the fast Fourier transform (FFT) algorithm is used to increase 

omputational efficiency. In this way, the spatial truncation error 

an be decreased to a required tiny level, as long as the mode 

umbers Nx and Ny are large enough. 

Note that, if the order M of the Taylor expansion (A.3) is large 

nough, temporal truncation errors can be reduced to a required 

iny level. Besides, if the spatial discretization is fine enough, say, 

he mode numbers Nx and Ny are large enough, spatial truncation 

rrors in Fourier expression (A.7) and the corresponding spatial 

erivative terms in (A.5) can be decreased to a required tiny level. 

owever, this is not enough, since there always exist some round- 

ff errors that might be larger than temporal or spatial truncation 

rrors. Therefore, all physical/numerical variables and parameters 

re expressed in multiple precision (MP) with a large enough num- 

er Ns of significant digits, so that the round-off errors can also 

e reduced to a required tiny level. In this way, the background 

umerical noise, i.e. truncation errors and round-off errors as a 

hole, can be reduced to a required tiny level. This is different 

rom most of the other numerical algorithms, including the gen- 

ral DNS which has double precision at best. In addition, note that 

he results given by the CNS are useful only in a limited (but long 

nough) interval of time t ∈ [0 , Tc ] , in which the numerical noise

an be negligible. 

upplementary material 

Supplementary material associated with this article can be 

ound, in the online version, at doi:10.1016/j.joes.2024.04.002 . 
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