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A B S T R A C T

Taking the nonlinear Schrödinger equation (NLSE) as an example, we provide from a mathematical viewpoint,
rigorous evidence that numerical noise of a chaotic system as tiny artificial stochastic disturbances can increase
exponentially to a macro-level. As a result, numerical simulations given by traditional algorithms in double
precision may rapidly become badly polluted leading to huge deviations from the ‘true’ solution not only in
trajectory but also, sometimes, even in statistics and/or some qualitative properties. Small physical disturbances
in time and space are unavoidable in practice, which are often much larger than artificial numerical noise.
So, from a physical viewpoint, it is wrong to neglect small spatio-temporal disturbances of a chaotic system:
chaos should not be described by deterministic equations.
1. Introduction

Chaos theory [1–7] has been regarded as one of the three greatest
theories of physics in 20th century, compared to quantum mechanics
and Einstein’s relativity. The sensitivity dependence on initial con-
dition of chaotic systems was first discovered by Poincaré [8] and
then rediscovered by Lorenz [9] in 1963. It has been popularized
through its colloquial name ‘butterfly effect’, whereby a hurricane in
North America might be created by flapping of the wings of a distant
butterfly in South America several weeks earlier. Later, Lorenz [10,11]
further discovered that numerical simulations of chaotic trajectories
are sensitive not only to the initial condition, which has physical
meaning, but also to the choice of numerical algorithm, which is
purely artificial, being subjective and thus without physical meaning.
This is easy to understand: all numerical algorithms involve numerical
noise, i.e. truncation error and round-off error, which lead to small
disturbances at each time-step that become exponentially enlarged in
chaotic systems due to the so-called ‘butterfly-effect’. As a result, any
numerical simulation 𝑠 of chaos is a mixture of the ‘true’ solution
𝑝 and false numerical noise 𝛿, which are mostly at the same order
of magnitude, i.e. 𝑝 ∼ 𝛿. In other words, a numerical simulation of
chaotic systems given by traditional algorithms (in double precision)
is quickly polluted, say, 𝑠 = 𝑝 + 𝛿 with 𝑝 ∼ 𝛿. This fact leads to some
misunderstanding and confusion concerning chaotic systems [12].

For example, the nonlinear Schrödinger equation (NLSE) is a clas-
sical and significant research topic in quantum mechanics [13,14],
nonlinear optics [15,16], plasma physics [17,18], hydrodynamics [19,
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20], as well as many other fields of nonlinear mechanics [21,22]. Note
that the forced and damped NLSE is a prototypical model of spatio-
temporal chaos [23,24]. It is well-known that the mode number of
its attractor increases with the dimension of the spatial domain 𝐿.
In theory, if the attractor has more than two linearly unstable modes
(LUMs), i.e. 𝐿 > 𝐿𝑐 , where 𝐿𝑐 is a critical length scale, spatio-temporal
chaos should appear in the forced and damped case [24]. But, only
temporal chaos should be observed when 𝐿 < 𝐿𝑐 . For details, please
refer to Cai et al. [24]. However, Shlizerman & Rom-Kedar [25] numer-
ically solved a one-dimensional (1D) conservative ac-driven periodic
NLSE (without damping) [26,27] and found that spatio-temporal chaos
sometimes might appear even when 𝐿 < 𝐿𝑐 . This is contrary to the
finding by Cai et al. [24]. Certainly, these two opposite conclusions
lead to confusion: which one should we believe?

The key of answering the above-mentioned question is to obtain a
sufficiently accurate numerical simulation 𝑠 of the chaotic trajectory
over a prescribed, long interval of time during which the numerical
noise 𝛿 is negligible compared to the true solution 𝑝, i.e. |𝛿| ≪ |𝑝|,
so that the numerical simulation 𝑠 is very close to the true solution 𝑝.
This is now possible by means of Clean Numerical Simulation (CNS)
developed by Liao [28,29]. The basic idea behind CNS is to reduce
the background numerical noise, i.e. truncation error and round-off
error, to such a tiny level that the influence of numerical noise can be
neglected compared to the ‘true’ solution over a time interval 0 ≤ 𝑡 ≤ 𝑇𝑐
that is long enough for calculating statistics, where 𝑇𝑐 is called the
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critical predictable time. Unlike most traditional algorithms that use
double precision, CNS adopts multiple-precision [30] so as to maintain
the round-off error below a required level. Thus, the CNS result can
be used as a benchmark solution for comparison purposes. Then, the
influence of numerical noise on chaotic systems can be investigated by
comparing the CNS benchmark solutions with those given by traditional
algorithms.

To date, CNS has been successfully applied to many chaotic dynam-
ical systems, such as Lorenz system [31], three-body problem [32,33],
complex Ginzburg–Landau equation [34], and the Lagrangian chaotic
property of the Arnold–Beltrami–Childress (ABC) flow [35]. It has been
found that tiny amounts of numerical noise can lead to huge devia-
tions in prediction of Rayleigh–Bénard turbulent convection [36], and
turbulent Kolmogorov flow [37], not only in terms of temporal–spatial
trajectories but also even in statistics.

As mentioned above, due to the well-known butterfly effect, the
numerical simulation using traditional algorithm of a chaotic system
quickly becomes a mixture of the ‘true’ solution 𝑝 and false numerical
noise 𝛿, which are mostly at the same order of magnitude (i.e. 𝑝 ∼ 𝛿).

ny statistics, which are calculated using such kind of mixture, are
ased on a hypothesis that the statistics are stable to numerical noise.
n other words, the statistics based on this kind of mixture (i.e. 𝑝 + 𝛿)
re the same as those based on the ‘true’ physical solution 𝑝, say,

𝑝 + 𝛿⟩ = ⟨𝑝⟩ (1)

ust hold, where ⟨ ⟩ is a statistical operator. Unfortunately, there exists
o theoretical proof of this hypothesis, even though it is widely utilized.
s the hypothesis (1) true for all chaotic systems? With the help of CNS,
sufficiently accurate numerical simulation 𝑠 can be obtained, where

he numerical noise 𝛿 is negligible so that the numerical simulation 𝑠 is
ery close to the true solution 𝑝. Hence, in this paper we can investigate
he hypothesis (1), say, investigate the influence of artificial numerical
oise on statistics and qualitative properties of a chaotic system, by
omparing the CNS benchmark solution (i.e. 𝑠 ≈ 𝑝) with the result given
y a traditional algorithm (i.e. 𝑝 + 𝛿).

. Governing equation and numerical implementation

Without loss of generality, we follow Shlizerman & Rom-Kedar [25]
o consider the focusing periodic 1D NLSE perturbed by an ac-driver
𝑒𝑖𝛺2𝑡 of frequency 𝛺2 and amplitude 𝜀, which is conservative and can
e transformed to the following autonomous NLSE having a constant
otential [25–27]:

𝛹𝑡 − 𝛹𝑥𝑥 − (𝑔|𝛹 |2 −𝛺2)𝛹 = 𝜀 (2)

ith a periodic boundary condition

(𝑥, 𝑡) = 𝛹 (𝑥 + 𝐿, 𝑡) (3)

nd the initial condition

(𝑥, 0) = 𝛹0(𝑥), (4)

here 𝑖 =
√

−1 is the imaginary unit, 𝛹 is an unknown complex
unction, 𝑡 and 𝑥 are temporal and spatial variables, the subscript
enotes the partial derivative, 𝑔 is a constant and 𝑒 is the natural
onstant. For the unperturbed system (𝜀 = 0), its simplest solutions are
lane waves: 𝛹PW(𝑡;𝑀PW, 𝐸0) =

√

𝑀PW exp[𝑖(𝛺2 − 𝑔𝑀PW)𝑡 − 𝑖𝐸0] with
the mass 𝑀PW. Noth that these plane waves are called resonant with the
frequency 𝛺2−𝑔𝑀PW = 0. According to the linear stability analysis, the
solution is stable (elliptic) when 𝑀PW < 𝑀1, neutral (parabolic) when
𝑀PW = 𝑀1, and unstable (hyperbolic) when 𝑀1 < 𝑀PW < 𝑀2, with
𝑀𝑗 =

1
2𝑔 (

2𝜋
𝐿 )2𝑗2 [25,27]. For the conservative periodic case investigated

in this paper, it was observed that when the corresponding parabolic
plane wave is resonant, say, 𝑀PW = 𝑀1 = 1

2𝑔 (
2𝜋
𝐿 )2 = 𝛺2

𝑔 , thus,
2 = 1

2 (
2𝜋
𝐿 )2, some initial distributions near this plane wave exhibit

he development of spatio-temporal chaos [25].
2 
Following Shlizerman & Rom-Kedar [25] again, we use the same
initial distribution

𝛹0(𝑥) =
√

0.15𝑒𝑖
5𝜋
9 + 10−3𝑒𝑖

2𝜋
𝐿 𝑥, (5)

and the same parameters, 𝑔 = 2, 𝛺2 = 0.45, 𝜀 = 5 × 10−2 and
𝐿 = 2𝜋∕0.9. In short, we adopt the same mathematical model (i.e. the
same governing equations with the same parameter values) as used by
Shlizerman & Rom-Kedar [25], who reported that, when 𝛺2 = 0.45 and
𝐿 = 2𝜋∕0.9 < 𝐿𝑐 = 2

√

2𝜋∕𝛺, the corresponding system was found to
xhibit spatio-temporal chaos.

In this investigation, we applied a traditional numerical algorithm
i.e. the 4th-order Runge–Kutta method with double precision, denoted
KwD) [25,27,38] to solve Eqs. (2)–(5) and found that spatio-temporal
haos appeared when 𝑡 > 800, confirming the conclusion by Shlizerman

Rom-Kedar [25]. However, using CNS to solve the same equations,
e found that in the time interval 𝑡 ∈ [0, 1500] only temporal chaos
xits and spatio-temporal chaos hardly appears, as described below
n detail. Note that our result is contrary to the numerical simulation
f Shlizerman & Rom-Kedar [25] but supports the theoretical analysis
iven by Cai et al. [24].

By means of CNS, we first gain a reliable simulation of Eqs. (2)–
5) over a sufficiently long interval of time 𝑡 ∈ [0, 1500] by means of
rather small temporal allowed tolerance 𝑡𝑜𝑙 = 10−120 for the high-

rder Taylor expansion in time, a mode number 𝑁 = 512 for the
patial Fourier expansion in the spatial interval 𝑥 ∈ [−𝐿∕2, 𝐿∕2], and
significant number of digits 𝑁𝑠 = 120 in multiple precision for all

ariables and parameters. Then, in order to verify the reliability of
his result, we compare it with another CNS result with even smaller
umerical noise, which is obtained by means of the same mode number
= 512 in space, but smaller temporal allowed tolerance 𝑡𝑜𝑙 = 10−130

nd higher multiple precision with 𝑁𝑠 = 130. Comparing the two CNS
esults, we find they have no distinct differences in the time interval
≤ 𝑡 ≤ 1500, which is long enough for calculating statistics. This

erifies the convergence and reliability of our CNS result in 𝑡 ∈ [0, 1500]
iven as 𝑡𝑜𝑙 = 10−120, 𝑁 = 512 and 𝑁𝑠 = 120, which is used hereon
s the ‘clean’ benchmark solution for comparison purposes. For details
bout the CNS algorithm of the NLSE under consideration, please refer
o Supplementary Material.

Besides, the same Eqs. (2)–(5) with the same physical parameters as
entioned above are solved by means of a traditional algorithm [25,
7,38] using the same mode number 𝑁 = 512 of the spatial Fourier
xpansion in the spatial interval 𝑥 ∈ [−𝐿∕2, 𝐿∕2] and the 4th-order
unge–Kutta method with double precision (marked by RKwD) and

ime step 𝛥𝑡 = 2.5 × 10−5. Here, the numerical noise increases exponen-
ially (and quickly) until to the same level of the ‘true’ physical solution
nd thus the RKwD result becomes badly polluted by numerical noise
see Supplementary Material).

. Influence of numerical noise

Fig. 1 compares the CNS benchmark solution and the RKwD result
or |𝛹 (𝑥, 𝑡)| in the spatial interval 𝑥 ∈ [−𝐿∕2, 𝐿∕2] and time interval
∈ [0, 1500]. On the whole, |𝛹 (𝑥, 𝑡)| given by the RKwD agrees

ell with the case of the so-called parabolic resonance as reported
n [25], noting that spatio-temporal chaos indeed appears when 𝑡 >
00. However, the CNS benchmark solution provides a closer match
o elliptic one (see [25]) because spatio-temporal chaos never appears,
ay, only temporal chaos remains, in the interval of time 0 ≤ 𝑡 ≤ 1500.
his qualitative deviation between the CNS benchmark solution and
he RKwD result is triggered solely by the artificial numerical noise
nfecting the RKwD result.

Fig. 2 compares the total spectrum energy

𝑠(𝑡) =

𝑁
2 −1
∑

𝑁

|𝜓𝑛(𝑡)|
2 (6)
𝑛=− 2
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Fig. 1. Spatio-temporal plots of |𝛹 (𝑥, 𝑡)| obtained from Eqs. (2)–(5) solved by (a) CNS and (b) RKwD.
Fig. 2. Time histories of total spectrum energy (6) obtained from Eqs. (2)–(5) solved
by CNS (red) and RKwD (black).

predicted by the CNS and RKwD schemes, where 𝜓𝑛(𝑡) is defined by the
following Fourier spectral expression

𝛹 (𝑥, 𝑡) ≈

𝑁
2 −1
∑

𝑛=−𝑁
2

𝜓𝑛(𝑡)𝑒
𝑖𝑛( 2𝜋𝐿 𝑥+𝜋), (7)

which can be easily obtained via the CNS algorithm for 1D NLSE (see
Supplementary Material). 𝐸𝑠(𝑡) denotes the total energy of the chaotic
dynamical system. Note that 𝐸𝑠(𝑡) given by CNS and RKwD are almost
the same when 𝑡 ≤ 150, because the corresponding numerical noise of
RKwD is still at a micro-level and thus negligible. Later, the deviation
between the CNS and RKwD results becomes increasingly distinct, as
the numerical noise increases to a macroscopic level. Even so, the
two sets of results remain at the same order of magnitude until 𝑡 ≈
800 when the spatio-temporal chaos emerges in the RKwD result. For
𝑡 > 800, 𝐸𝑠(𝑡) given by RKwD is several times larger than that of the
CNS benchmark solution, indicating the appearance of spatio-temporal
chaos.

Furthermore, following Shlizerman & Rom-Kedar [25], the normal-
ized correlation function

𝐶𝑇 (𝛹, 𝑦; 𝑡) =
∫
𝑡+ 𝑇

2

𝑡− 𝑇
2

∫
𝐿
2

− 𝐿
2

𝛹 (𝑥, 𝑠)𝛹 (𝑥 + 𝑦, 𝑠)𝑑𝑥𝑑𝑠

∫
𝑡+ 𝑇

2

𝑡− 𝑇
2

∫
𝐿
2

− 𝐿
2

|𝛹 (𝑥, 𝑠)|2𝑑𝑥𝑑𝑠
(8)

is calculated over a time window 𝑇 . The normalized correlation func-
tion 𝐶 (𝛹,𝐿∕2; 𝑡) given by CNS and RKwD are as shown in Fig. 3(a),
70

3 
Fig. 3. Normalized spatial correlation function (8) obtained from Eqs. (2)–(5) solved
by CNS (red) and RKwD (black). (a) 𝐶70(𝛹,𝐿∕2; 𝑡) and (b) 𝐶750(𝛹, 𝑦; 750).

where 𝑇 = 70. For 𝑡 > 800, 𝐶70(𝛹,𝐿∕2; 𝑡) predicted using RKwD
fluctuates around zero, clearly indicating the spatial decoherence that
corresponds to spatio-temporal chaos. The same conclusion can be
obtained by considering the normalized spatial correlation function
𝐶750(𝛹, 𝑦; 750) given by the RKwD result, as shown in Fig. 3(b). In other
words, when 150 < 𝑡 < 800, the numerical noise transfers to a macro-
scopic level only in the temporal dimension, and thereafter in both
spatial and temporal dimensions leading to spatio-temporal chaos. On
the contrary, the CNS solution maintains the spatial coherence pretty
well throughout the whole time interval 𝑡 ∈ [0, 1500], as shown in Fig. 3.
This indicates that numerical noise can greatly affect spatial/temporal
correlation and might lead to spatial decoherence of the chaotic system
of the NLSE (2)–(5).
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Fig. 4. Temporal evolutions of total spectrum energy (6) given by the CNS benchmark
solution, the RKwD simulation (with 𝛥𝑡 = 2.5 × 10−5), and the RKwD′ simulation (with
𝑡 = 2.6 × 10−5).

Here we give an explanation for the above-mentioned phenomenon.
he NLSE (2)–(5) might have two final states: temporal chaos and
patio-temporal chaos, which can be regarded as two minima of a
ouble-well potential. Once the CNS benchmark solution falls in one
f the two minima, say, temporal chaos, it remains there for a long
ime because the corresponding numerical noise is much less than the
true’ physical solution and thus cannot trigger the transition to another

inimum. By contrast, the RKwD simulation can perform the transi-
ion from a state of temporal chaos to one of spatio-temporal chaos
ecause its ‘false’ numerical noise (in the form of artificial stochastic
isturbances) can be of the same order of magnitude as the ‘true’
hysical solution. Hence the RKwD simulation might depart far away
rom its ‘true’ solution and thus be attracted to the other minimum,
.e. spatio-temporal chaos. If so, transition of the RKwD simulation from
he temporal chaos to the spatio-temporal chaos of the NLSE (2)–(5)
hould occur at random times for different numerical noise as a kind of
rtificial stochastic disturbances. To verify the above-mentioned guess,
e perform a new RKwD simulation of the NLSE (2)–(5) with the same

nitial/boundary conditions and the same physical parameters as the
revious case, but using a different time-step 𝛥𝑡 = 2.6 × 10−5, marked

by RKwD′. Fig. 4 shows the temporal evolution of the total spectrum
nergy 𝐸𝑠(𝑡), where the transition from temporal chaos to spatio-
emporal chaos (i.e. parabolic resonance) of the RKwD′ simulation
with 𝛥𝑡 = 2.6× 10−5) occurs at a different time 𝑡 ≈ 950, compared with
he transition time 𝑡 ≈ 800 predicted by the previous RKwD simulation
with 𝛥𝑡 = 2.5×10−5). This confirms our explanation mentioned above.

. Concluding remarks and discussions

In summary, using the NLSE (2)–(5) as an example, we illustrate
hat numerical noise of a chaotic system as tiny artificial stochastic
isturbances increases exponentially to a macro-level so that numerical
imulations given by traditional algorithms in double precision are
eadily polluted. This leads to huge deviations at large scale from
he ‘true’ solution not only in trajectory but also, sometimes, even
n statistics and qualitative properties. Therefore, it should be better
o pay more attention to the large-scale influence of numerical noise
n chaotic systems, not only quantitatively but also qualitatively. The
resent work also illustrates that CNS provides us with a new way by
hich to investigate chaotic systems more accurately because it can

eveal physical truths by effectively clearing away numerical noise.
It is a general belief [1,3,4] that randomness and uncertainty might

ome from chaos governed by a deterministic equation. This is a para-
ox in logic for the authors. In this paper, we give rigorous evidence
hat the so-called ‘randomness’ and ‘uncertainty’ of chaos arise from the
utterfly-effect, and that numerical noise as it increases exponentially
ight finally reach the order of magnitude as the ‘true’ solution. From
mathematical viewpoint, the so-called ‘uncertainty’ of chaos does

ot exist so long as numerical noise remains sufficiently small over a

rescribed, long interval of time and all initial/boundary conditions

4 
are ‘exact’. However, even if all initial/boundary conditions could
be exactly given, small physical disturbances in time and space are
unavoidable, which are often much larger than artificial numerical
noise. So, from a physical viewpoint, it would be wrong to neglect small
physical disturbances in time and space of a chaotic system, because
such disturbances might have huge influence not only on chaotic
trajectory but also on its statistics and/or certain qualitative properties,
as illustrated in this paper. Thus, it is advisable to consider random,
small spatio-temporal disturbances in chaotic systems: in short, chaos
should not be described by deterministic equations.

Funding

This work is partly supported by National Natural Science Founda-
tion of China (Grant No. 12302288; 12272230), Postdoctoral Fellow-
ship Program of CPSF, China under Grant Number GZC20231594, and
State Key Laboratory of Ocean Engineering, China.

CRediT authorship contribution statement

Shijie Qin: Writing – original draft, Validation, Software, Formal
analysis, Data curation. Shijun Liao: Writing – review & editing, Super-
vision, Project administration, Funding acquisition, Conceptualization.

Declaration of competing interest

The authors report no conflict of interest.

Data availability

Data will be made available on request.

Appendix A. Supplementary data

Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.physd.2024.134355.

References

[1] E.N. Lorenz, The Essence of Chaos, University of Washington Press, 1993.
[2] G. Chen, X. Dong, From Chaos to Order: Methodologies, Perspectives and

Applications, vol. 24, World Scientific, 1998.
[3] S. Peter, Explaining Chaos, Cambridge University Press, 1998.
[4] T. Bohr, E.B.W. van de Water, Nature 372 (6501) (1994) 48.
[5] W.-K. Lee, A. Borthwick, P.H. Taylor, J. Hydraul. Res. 52 (2) (2014) 219–227.
[6] R.N. Valani, Chaos 32 (2) (2022).
[7] Y.C. Li, R.D.J.G. Ho, A. Berera, Z.C. Feng, J. Fluid Mech. 904 (2020).
[8] H. Poincaré, Acta Math. 13 (1) (1890) A3–A270.
[9] E.N. Lorenz, J. Atmos. Sci. 20 (2) (1963) 130–141.

[10] E.N. Lorenz, Phys. D 35 (3) (1989) 299–317.
[11] E.N. Lorenz, Tellus Ser. A-Dyn. Meteorol. Oceanol. 58 (5) (2006) 549–557.
[12] J. Teixeira, C.A. Reynolds, K. Judd, J. Atmos. Sci. 64 (1) (2007) 175.
[13] M.A. Olshanetsky, A.M. Perelomov, Phys. Rep. 94 (6) (1983) 313–404.
[14] E. Gutkin, Phys. Rep. 167 (1–2) (1988) 1–131.
[15] J.V. Moloney, A.C. Newell, Phys. D 44 (1) (1990) 1–37.
[16] P. Walczak, S. Randoux, P. Suret, Phys. Rev. Lett. 114 (14) (2015) 143903.
[17] F. Vidal, T.W. Johnston, Phys. Rev. Lett. 77 (7) (1996) 1282.
[18] C.A. Husko, S. Combrié, P. Colman, J. Zheng, A. De Rossi, C.W. Wong, Sci. Rep.

3 (1) (2013) 1–8.
[19] A. Chabchoub, Phys. Rev. Lett. 117 (14) (2016) 144103.
[20] T. Tang, W. Xu, D. Barratt, H.B. Bingham, Y. Li, P.H. Taylor, T.S. van den Bremer,

T.A.A. Adcock, J. Fluid Mech. 908 (2021) A3.
[21] E.F. Hefter, Phys. Lett. A 32 (2) (1985) 1201.
[22] A. Ankiewicz, N. Devine, N. Akhmediev, Phys. Lett. A 373 (43) (2009)

3997–4000.
[23] M.J. Ablowitz, B.M. Herbst, C.M. Schober, Math. Comput. Simulation 43 (1)

(1997) 3–12.
[24] D. Cai, D.W. McLaughlin, J. Shatah, Phys. Lett. A 253 (5–6) (1999) 280–286.
[25] E. Shlizerman, V. Rom-Kedar, Phys. Rev. Lett. 102 (3) (2009) 033901.
[26] A.R. Bishop, M.G. Forest, D.W. McLaughlin, E.A. Overman II, Phys. Lett. A 144
(1) (1990) 17–25.

https://doi.org/10.1016/j.physd.2024.134355
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb1
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb2
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb2
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb2
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb3
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb4
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb5
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb6
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb7
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb8
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb9
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb10
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb11
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb12
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb13
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb14
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb15
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb16
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb17
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb18
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb18
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb18
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb19
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb20
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb20
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb20
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb21
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb22
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb22
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb22
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb23
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb23
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb23
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb24
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb25
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb26
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb26
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb26


S. Qin and S. Liao Physica D: Nonlinear Phenomena 470 (2024) 134355 
[27] E. Shlizerman, V. Rom-Kedar, Phys. Rev. Lett. 96 (2) (2006) 024104.
[28] S. Liao, Tellus Ser. A-Dyn. Meteorol. Oceanol. 61 (4) (2009) 550–564.
[29] S. Liao, Clean Numerical Simulation, Taylor & Francis Group/CRC Press, 2023.
[30] P. Oyanarte, Comput. Phys. Comm. 59 (2) (1990) 345–358.
[31] S. Liao, P. Wang, Sci. China-Phys. Mech. Astron. 57 (2) (2014) 330–335.
[32] X. Li, S. Liao, Sci. China-Phys. Mech. Astron. 60 (12) (2017) 129511.
[33] X. Li, Y. Jing, S. Liao, Publ. Astron. Soc. Jpn. 70 (4) (2018) 64.
5 
[34] T. Hu, S. Liao, J. Comput. Phys. 418 (2020) 109629.
[35] S. Qin, S. Liao, J. Fluid Mech. 960 (2023) A15.
[36] S. Qin, S. Liao, J. Fluid Mech. 948 (2022) A7.
[37] S. Qin, Y. Yang, Y. Huang, X. Mei, L. Wang, S. Liao, J. Ocean Eng. Sci. 9 (3)

(2024) 293–310.
[38] E. Shlizerman, V. Rom-Kedar, Nonlinearity 23 (9) (2010) 2183.

http://refhub.elsevier.com/S0167-2789(24)00305-1/sb27
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb28
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb29
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb30
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb31
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb32
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb33
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb34
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb35
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb36
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb37
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb37
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb37
http://refhub.elsevier.com/S0167-2789(24)00305-1/sb38

	Influences of artificial numerical noise on statistics and qualitative properties of chaotic system
	Introduction
	Governing equation and numerical implementation
	Influence of numerical noise
	Concluding remarks and discussions
	CRediT authorship contribution statement
	Declaration of competing interest
	Data availability
	Appendix A. Supplementary data
	References


