
Clean numerical simulation of three-dimensional
turbulent Kolmogorov flow

Cite as: Phys. Fluids 37, 105160 (2025); doi: 10.1063/5.0291128
Submitted: 15 July 2025 . Accepted: 10 October 2025 .
Published Online: 24 October 2025

Shijie Qin1 and Shijun Liao1,2,a)

AFFILIATIONS
1School of Ocean and Civil Engineering, Shanghai Jiao Tong University, Shanghai 200240, China
2State Key Laboratory of Ocean Engineering, Shanghai 200240, China

a)Author to whom correspondence should be addressed: sjliao@sjtu.edu.cn

ABSTRACT

Turbulence holds immense importance across various scientific and engineering disciplines. The direct numerical simulation (DNS) of
turbulence proposed by Orszag in 1970 is a milestone in fluid mechanics, which began an era of numerical experiment for turbulence. Many
researchers have reported that turbulence should be chaotic, since spatiotemporal trajectories are very sensitive to small disturbance. Thus,
due to the famous butterfly-effect of chaos, unavoidable numerical noises of DNS might have great influence on spatiotemporal trajectories
of turbulence. This is indeed true for a two-dimensional (2D) Kolmogorov turbulent flow, as currently revealed by a much more accurate
algorithm than DNS, namely the “clean numerical simulation” (CNS). Different from DNS, CNS can greatly reduce both of truncation error
and round-off error to any required small level so that numerical noise can be rigorously negligible throughout a time interval long enough
for calculating statistics. However, in physics, three-dimensional (3D) turbulent flow is more important than 2D turbulence. Thus, for the
first time, we solve a 3D turbulent Kolmogorov flow by means of CNS in this paper and compare our CNS result with that given by DNS in
detail. It is found that the spatial-temporal trajectories of the 3D Kolmogorov turbulent flow given by DNS are indeed badly polluted by
numerical noise rather quickly, and besides, the DNS result has significant deviations from the CNS benchmark solution not only in the spa-
tial symmetry of flow field and the energy cascade but also even in statistics.

VC 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0291128

I. MOTIVATION

More than a half-century ago, Orszag1 proposed the so-called
“direct numerical simulation” (DNS), a simulation in computational
fluid dynamics (CFD) in which the NS equations are numerically
solved without any turbulence models. This is a milestone in fluid
mechanics, which began an era of the so-called “numerical experi-
ment” of turbulence. With the increasing performances of supercom-
puter, numerical experiment based on DNS has become a very useful
tool in fundamental research in turbulence,2–10 since it can extract
information that are difficult or impossible to obtain in laboratory for
physical experiments. Nowadays, numerical experiment based on
DNS1–3,5–10 has been widely used to develop turbulence models, such
as the sub-grid scale models for large eddy simulation (LES) and mod-
els related to the Reynolds-averaged Navier–Stokes equations (RANS),
and so on.

Chaos theory is regarded as one among the three greatest theories
of physics in the 20th century, compared to the quantum mechanics
and the general theory of relativity. A chaotic system has the famous

“butterfly-effect,” i.e., a tiny difference in initial condition expands
exponentially and could lead to significant deviation of spatiotemporal
trajectory as the time increases so that long-term prediction of chaos is
impossible.11 Note that the Lorenz equation11 as a famous chaotic sys-
tem is a simplified model derived from the NS equations. It has been
reported that spatiotemporal trajectories of the NS equations are very
sensitive (i.e., unstable) to initial conditions.12–14 In addition, Ge,
Rolland and Vassilicos reported that the average uncertainty energy of
three-dimensional (3D) NS turbulence grows exponentially.15 All of
these clearly indicate that the NS turbulence should be chaotic in
essence. Note that Lorenz16 discovered in 2006 that numerical noises,
which are artificial, might greatly change the characteristics of a chaotic
system. Unfortunately, each numerical algorithm has more or less
numerical noise, caused by truncation error and round-off error. Thus,
the above-mentioned facts logically lead to the conclusion that tiny
numerical noises of DNS should be enlarged very quickly to macro-
scopic level, since the NS equations for turbulence are chaotic but arti-
ficial numerical noise is avoidable for DNS.
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To study the influence of numerical noises on chaotic system and
turbulence, Liao17 proposed the so-called “clean numerical simulation”
(CNS) in 2009. Different from DNS, numerical noise of CNS17–28 can
be reduced to any required small level so that it is rigorously negligible
compared to the corresponding physical variables (such as velocity,
pressure and so on) in a finite time interval (this is a great difference
between CNS and other traditional numerical methods that always
give simulations in an arbitrarily long interval of time without consid-
ering the exponential growth of numerical noise of chaotic system)
that is long enough for statistics. Therefore, one can give accurate tra-
jectory of chaotic systems in a long enough interval of time by means
of the CNS. For details, please refer to Liao’s book18 about CNS.

In other words, one can use CNS to do “clean” numerical experi-
ment in a finite but long enough interval of time. For example, in 2022
Qin and Liao23 solved a two-dimensional (2D) turbulent Rayleigh–
B�enard convection (using thermal fluctuation as its initial condition)
by means of CNS and DNS, separately, in the case of aspect ratio
C ¼ 2

ffiffiffi
2

p
, Prandtl number Pr ¼ 6:8 (corresponding to water at room

temperature), and Rayleigh number Ra ¼ 6:8� 108 (corresponding
to a turbulent state). Through detailed comparisons, it was found23

that the CNS benchmark solution always sustains the non-shearing
vortical/roll-like convection during the whole process of simulation;
however, the DNS result agrees well with the CNS benchmark solution
in 0 � t � 50 and sustains the non-shearing vortical/roll-like convec-
tion until t � 188 when its corresponding flow field turns to a kind of
zonal flow thereafter. This provides us rigorous evidence that numeri-
cal noise as a kind of small-scale artificial stochastic disturbances have
quantitatively and qualitatively large-scale influences on a sustained
turbulence.23

To confirm the correctness and generality of the above conclu-
sion, Qin et al.24 further solved the 2D turbulent Kolmogorov flow
subject to an initial condition with a spatial symmetry by means of
CNS and DNS, respectively, and found that the CNS benchmark solu-
tion always maintains the same spatial symmetry as the initial condi-
tion but the DNS result first agrees well with the CNS benchmark
solution until t � 188 when its corresponding flow field loses the spa-
tial symmetry completely. We emphasize here that numerical noises
are random and thus has no spatial symmetry at all: thus, the loss of
spatial symmetry is an obvious sign for random numerical noise to
have been enlarged to the same order of magnitude as the true solu-
tion. This clearly confirms the correction and generality of our previ-
ous conclusion, i.e., numerical noise as a kind of artificial tiny
disturbances can lead to obvious deviations at large scale on turbulence
governed by the NS equations, not only quantitatively (even in statis-
tics) but also qualitatively (such as spatial symmetry of flow).24

Furthermore, using CNS as a numerical tool, Liao and Qin25 [the
related code of CNS can be downloaded via GitHub (https://github.
com/sjtu-liao/2D-Kolmogorov-turbulence)] did an ideal (thought)
numerical experiment about a 2D turbulent Kolmogorov flow, which
discovers, for the first time, the so-called “noise-expansion cascade”
phenomena: all micro-level noises at different level of magnitudes con-
sistently increase to a macroscopic level, and each of them might
completely changes the macro-level characteristics of turbulence such
as flow type, flow symmetry, statistics, and so on. This new concept of
“noise-expansion cascade” directly connects the micro-level physical
randomness and the macro-level disorder of turbulence and thus
clearly reveals an origin of randomness of turbulence. In addition, it

confirms once again that the NS equations for turbulence are indeed
chaotic. In addition, by means of an ideal (thought) numerical experi-
ment based on CNS for 2D turbulent Kolmogorov flow, Liao and
Qin26 indicated that artificial numerical noises are approximatively
equivalent to physical micro-level noises or environmental disturban-
ces, which provides an positive meaning of artificial numerical noises,
for the first time, to the best of our knowledge.

It has been reported23–26 that the spatiotemporal trajectories of
the 2D turbulent flow given by DNS are badly polluted by artificial
numerical noises rather quickly. However, one might argue that these
2D results might be possibly due to the “inverse” energy cascade of the
2D turbulence, i.e., kinetic energy transfers from small-scale to large-
scale, so that artificial numerical noise might be enlarged with energy
transfer, thus one possibly should not obtain the same conclusion for
the 3D turbulence since DNS results for 3D turbulent flows always
give direct energy cascade, i.e., kinetic energy transfers from large-scale
to small-scale. In mathematics, the CNS algorithm for 2D turbulent
flow is based on stream-function and thus is invalid for 3D turbulence.
In physics, 3D turbulent flow is more important than 2D turbulence,
as pointed out by Nobel Prize winner T.D. Lee.29 So, in this paper, for
the first time, we extend the CNS algorithm in Refs. 25 and 26 to a 3D
turbulent Kolmogorov flow and compare our CNS result with that
given by DNS in detail. Shortly speaking, we obtain the similar conclu-
sions even for the 3D turbulent Kolmogorov flow, as mentioned below
in detail.

II. SETUP OF THE CLEAN NUMERICAL EXPERIMENT

Let us consider a 3D incompressible flow in a cubic domain
½0; L�3 under the so-called Kolmogorov forcing f, which is stationary,
monochromatic and sinusoidally varying in space, with an integer nK
describing the forcing scale and v representing the corresponding forc-
ing amplitude per unit mass of fluid. Using the length scale L, the
velocity scale U0 ¼

ffiffiffiffiffi
vL

p
, and thus the timescale T0 ¼ L=U0 ¼

ffiffiffiffiffiffiffiffi
L=v

p
,

the non-dimensional governing equation for the velocity field uðx; tÞ
of this 3D Kolmogorov flow30 is the incompressible Navier–Stokes
equation,

@u
@t

þ ðu � rÞu ¼ �rpþ 1
Re

Duþ f ; (1)

together with the continuity equation r � u ¼ 0, where t denotes the
time, and x ¼ ðx; y; zÞ 2 ½0; 1�3 is the Cartesian coordinate for the
cubic flow field that corresponds to the three Cartesian components of
the velocity,

u ¼ ðu; v;wÞ ¼ uex þ vey þ wez :

ex; ey; ez are the direction vectors of the Cartesian coordinate system,
r is the Hamilton operator, D is the Laplace operator, p denotes the
hydrodynamic pressure, Re ¼ L

ffiffiffiffiffi
vL

p
=� is the non-dimensional

Reynolds number, � denotes the kinematic viscosity, and the external
force is in the form f ¼ sinð2pnKzÞ ex, respectively. Without loss of
generality, let us consider here nK ¼ 4. Following Wu et al.,30 we
choose Re ¼ 1211:5 so as to have a relatively strong turbulent state of
the flow. In addition, the periodic boundary conditions are adopted
here. According to Coleman and Sandberg,9 one has “the complete
control of the initial and boundary conditions” for the NS equations.
Thus, we have reasons to choose here the following initial condition:
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uðx; y; z; 0Þ ¼ cosð2pxÞ cosð2pyÞ sinð2pzÞ=2;
vðx; y; z; 0Þ ¼ sinð2pxÞ sinð2pyÞ sinð2pzÞ;
wðx; y; z; 0Þ ¼ sinð2pxÞ cosð2pyÞ cosð2pzÞ=2;

8>><
>>: (2)

which is spatially periodic and satisfies the continuity equation
r � u ¼ 0. Note that the corresponding initial vorticity field has the
two kinds of spatial symmetries

rotation: jxðx; y; z; tÞj ¼ jxð1� x; 1� y; 1� z; tÞj;

translation: jxðx; y; z; tÞj ¼
����x x þ 1

2
; y þ 1

2
; z þ 1

2
; t

� �����:
8><
>: (3)

Note that, due to the mathematical symmetry of the governing
equation (1) and the adopted periodic boundary condition, the spatial
symmetry (3) should always remain for t � 0. Therefore, when a
numerical simulation loses the spatial symmetry (3), it must be far
away from the “exact” solution sexact of Eqs. (1) and (2). This provides
us a criterion or a sign to check whether or not a numerical simulation
of the NS turbulence deviates far away from its exact solution sexact .
This is exactly the reason why the periodic initial condition (2) with
the spatial symmetry (3) is used here.

It should be emphasized that, as pointed out by Coleman and
Sandberg,9 we have “the complete control of the initial and boundary
conditions” for the NS equations. In addition, the turbulent Kolmogorov
flow is primarily studied as a theoretical and idealized model to under-
stand the fundamental aspects of turbulence. Therefore, in theory, we
certainly can choose the initial condition (2) with the spatial symmetry
(3), although in practice it might be very difficult to have such a kind of
initial condition. So, in fact, we do an “ideal (thought) numerical experi-
ment” in this paper. Note that thought experiment sometimes could
reveal physical essence deeply, just like Einstein’s famous thought experi-
ment about a lift that leads to the theory of general relativity.

Both of DNS and CNS are used to solve the same equations men-
tioned above with the same physical parameters, respectively, and their
results are compared in detail. On the one hand, we apply the
CNS17,18,20,22–26 to greatly decrease the background numerical noise, i.e.,
truncation error and round-off error, to such a tiny level that the corre-
sponding artificial numerical noise of the simulation is much smaller
than, and thus rigorously negligible compared with, the exact solution
sexact of the Kolmogorov flow in a finite interval of time that is long
enough for statistics. In this way, a “convergent” (reproducible) numeri-
cal simulation of spatiotemporal trajectory of the 3D turbulent
Kolmogorov flow is obtained by CNS, which is used here as the “clean”
and “reliable” benchmark solution. Briefly speaking, in the frame of
CNS, to decrease the spatial truncation error of the simulation to a
required small enough level, we, like DNS, discretize the spatial domain
of the flow field by a uniform mesh N3 ¼ 1283, say, the mesh spacing
h ¼ 1=128, and adopt the Fourier spectral method for spatial approxi-
mation with the 3=2 rule for dealiasing. As verified by Wu et al.30 in the
same case, the corresponding spatial resolution is high enough for the
considered Kolmogorov flow: the grid spacing is less than the
Kolmogorov scale, as shown later in Sec. IIID. In addition, in order to
decrease the temporal truncation error to a required small enough level,
we, unlike DNS, use the 40th-order (M ¼ 40) Taylor expansion for the
temporal advancement with a time step Dt ¼ 10�3. Especially, in order
to decrease the round-off error to a required small enough level, we,
unlike DNS, use the multiple-precision31 with the 100 significant digits

(Ns ¼ 100) for all physical/numerical variables and parameters. In addi-
tion, we similarly run another CNS algorithm using the same pseudo-
spectral method with the same uniform spacing mesh but the smaller
temporal truncation error by means of an even higher-order (i.e.,
M ¼ 42) Taylor expansion with the same time step (Dt ¼ 10�3) and
the smaller round-off error by an even higher multiple-precision with
more significant digits (i.e., Ns ¼ 105). Comparing these two CNS
results by means of the so-called “spectrum-deviation” dsðtÞ defined by
Eq. (C6) in Appendix C, it is found that there are no distinct deviations
between these two CNS results in an interval of time 0 � t � 500. This
guarantees the convergence and reliability of our former CNS result in
the whole spatial domain x 2 ½0; 1�3 within the whole temporal interval
t 2 ½0; 500�, which is therefore regarded as a “clean” benchmark solu-
tion of the 3D turbulent Kolmogorov flow. About the CNS algorithm in
detail, please refer to Appendix B.

On the other hand, the same NS equations with the same physical
parameters and the same initial/boundary condition are solved numer-
ically in t 2 ½0; 500� by the traditional DNS algorithm using the same
mesh spacing h ¼ 1=128 but the fourth-order Runge–Kutta method
with time step Dt ¼ 10�4 and the double-precision that is widely used
in DNS. Obviously, the temporal truncation error and the round-off
error of the DNS algorithm are much larger than those of the CNS.
For details about the DNS, please refer to Refs. 2 and 30.

Let us discuss here the relationship between the DNS and CNS
for turbulence. The big difference is that the level of background trun-
cation error and round-off error of CNS is much smaller than that of
DNS. Let E0 denote the level of background truncation error and
round-off error and k be the Lyapunov exponent of turbulent flow,
respectively. Since turbulent flow is chaotic, its numerical noise EðtÞ
increases exponentially, say,

EðtÞ ¼ E0 expðktÞ: (4)

Let Tc denote the time when numerical noise enlarges to macro-scale,
i.e., EðTcÞ 	 1, called the “critical predictable time.” Then, we have

Tc � � ln E0

k
: (5)

Since numerical noise is random and thus has no spatial symme-
try, symmetry breaking is an obvious sign that random numerical noise
is at a macroscopic level. Obviously, a smaller E0 corresponds to a larger
Tc. Since E0 of CNS is much smaller than that of DNS, certainly result
of CNS has much larger Tc than that of DNS. From this point of view,
DNS can be regarded as a special case of CNS, but unfortunately its Tc

is often too short (for example, Tc of the DNS result given in this paper
is 90, as mentioned later) to calculate statistics: this is exactly the reason
why DNS result is badly polluted quickly by numerical noise.23–26

In general, one can obtain the system’s Lyapunov exponent
through the linear stability analysis of the governing equations. A
more convenient way is to calculate the maximal Lyapunov exponent
of the system through numerical experiment of tracking perturbation
growth rate. The initial error magnitude is determined by the maxi-
mum of truncation error and round-off error.

III. RESULTS OF CLEAN NUMERICAL SIMULATION
A. Spatial symmetry

For the 2D turbulent Kolmogorov flow, the flow fields of the
CNS benchmark solution always remain the same spatial symmetry
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(for t � 0) as the corresponding initial condition, as illustrated in Refs.
24 and 25. It is found that this is also true for the CNS benchmark
solution of the 3D turbulent Kolmogorov flow, but unfortunately false
for the DNS result: as shown in Figs. 1–4, the spatiotemporal trajectory
given by DNS agrees well with the CNS benchmark solution and
indeed has the spatial symmetry (3) within t � 90, but loses the spatial
symmetry lightly at t � 95 and obviously at t � 100, however the spa-
tiotemporal trajectory given by CNS always remains the spatial sym-
metry (3) throughout the whole interval of time t 2 ½0; 500�. Note that,
within t � 90, both of DNS and CNS results are the same, for example
as shown in (a) and (b) (when t ¼ 85) of Figs. 2–4. The corresponding
“statistic” results and “scale-to-scale energy flux” given by DNS in
t 2 ½0; 90� agree also quite well with those given by CNS in the same
interval of time, as shown in Figs. 10 and 11 of Appendix A. The defini-
tions of these statistic values are given in Appendix C. From the view-
point of CNS, the so-called “critical predictable time” Tc [see Eqs. (4)
and (5)] of our DNS result is about 90, i.e., Tc � 90, which is unfortu-
nately too short to obtain reliable statistic results. Even so, they clearly
indicate that the DNS and CNS indeed initially give the same solution.
It should be emphasized that the so-called “critical predictable time” Tc

is an important concept in the frame of CNS, beyond which numerical
noise might be at the same level as the true solution so that the corre-
sponding numerical simulation might be far away from the true solu-
tion and thus is useless. However, DNS has no such kind of concept,
say, one could gain a DNS result in an interval of time as long as one
would like (with a linearly increasing CPU time). This is a fundamental
difference between CNS and DNS. It is found that the spatial-
symmetry (3) of a CNS result always remain within t � Tc, where the
so-called “critical predictable time” Tc can be arbitrary large (but with
an exponentially increasing CPU time) from mathematical viewpoint,
as illustrated via Lorenz equation by Liao andWang.19

The reason why the DNS result (when t > 100) deviates greatly
from the CNS and loses the spatial symmetry (3) is its consistently
increasing random numerical noise without spatial symmetry, which is
much larger than that of CNS and thus reaches at a macro-level much
earlier (at t � 100) than the CNS result. This is very clear by consider-
ing the mean squared deviations duðtÞ (for velocity) defined by Eq.
(C7) and dpðtÞ (for pressure) defined by Eq. (C8) between DNS and
CNS results: as shown in Fig. 5, both of duðtÞ and dpðtÞ increase expo-
nentially until t � 100 when they become macroscopic, say, the ran-
dom artificial numerical noise is at the same order of magnitude as the
exact solution sexact thereafter. This provides us a rigorous evidence
that the spatiotemporal trajectory given by DNS (after t > 100) is
indeed badly contaminated by the artificial numerical noise, but the
CNS benchmark solution is always a good approximation of the exact
solution sexact of the NS equations throughout the whole interval of
time t 2 ½0; 500�. Even so, it would be nice if some rigorous mathemat-
ical proofs about such kind of symmetry property of the NS equations
can be given in future.

B. Statistics

As mentioned above, the corresponding “statistic” results given
by DNS in t 2 ½0; 90� agree quite well with those given by CNS in the
same interval of time, as shown in Fig. 10 of Appendix A, indicating
that DNS and CNS initially give the same result. Here, let us compare
the statistic results given by CNS and DNS when t 2 ½100; 500�.

FIG. 1. Distribution of the vorticity modulus jxðx; tÞj of the 3D turbulent
Kolmogorov flow governed by Eq. (1) subject to the periodic boundary condition
and the initial condition (2) with the spatial symmetry (3) in the case of nK ¼ 4 and
Re ¼ 1211:5, given respectively by the CNS benchmark solution (left) and the
DNS result (right) at some typical times, i.e., (a)–(b) t ¼ 85, (c)–(d) t ¼ 95, (e)–(f)
t ¼ 100, and (g)–(h) t ¼ 500. For details, please see the corresponding movie at
https://github.com/sjtu-liao/3D-Kolmogorov-turbulence.
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As shown in Fig. 6, the time histories (when t > 100) of the spa-
tially averaged kinetic energy hEiV and kinetic energy dissipation rate
hDiV given by the DNS result are obviously different from those given
by the CNS benchmark solution, respectively, where E and D are

defined by Eqs. (C9) and (C10) in Appendix C, hiV is an operator
defined by Eq. (C1). In addition, the comparisons of the probability
density functions (PDFs) of the kinetic energy E and the kinetic energy
dissipation rate D are as shown in Figs. 7(a) and 7(b), respectively,

FIG. 2. Distribution of the vorticity modulus at y ¼ 0, i.e., jxðx; 0; z; tÞj, of the 3D tur-
bulent Kolmogorov flow governed by Eq. (1) subject to and the initial condition (2) with
the spatial symmetry (3) in the case of nK ¼ 4 and Re ¼ 1211:5 given by the CNS
benchmark solution (left) and the DNS result (right), respectively, at some typical times,
i.e., (a)–(b) t ¼ 85, (c)–(d) t ¼ 95, (e)–(f) t ¼ 100, and (g)–(h) t ¼ 500.

FIG. 3. Distribution of the vorticity modulus at x ¼ 0, i.e., jxð0; y; z; tÞj, of the 3D tur-
bulent Kolmogorov flow governed by Eq. (1) subject the periodic boundary condition
and the initial condition (2) with the spatial symmetry (3) in the case of nK ¼ 4 and
Re ¼ 1211:5 given by the CNS benchmark solution (left) and the DNS result (right),
respectively, at some typical times, i.e., (a)–(b) t ¼ 85, (c)–(d) t ¼ 95, (e)–(f) t ¼ 100,
and (g)–(h) t ¼ 500.
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where the PDFs are integrated in ðx; y; zÞ 2 ½0; 1�3 and t 2 ½100; 500�.
Obvious deviations are also observed in the PDFs of the kinetic energy
E and the kinetic energy dissipation rate D, indicating the macro-scale
deviations of the fluid fields given by the DNS result and the CNS

benchmark solution, respectively. For the spatiotemporally averaged
kinetic energy hEix;y;t and kinetic energy dissipation rate hDix;y;t ,
where hix;y;t is an operator defined by Eq. (C2) in Appendix C, Fig. 8
illustrates the comparison of their vertical distributions given by the
DNS result and the CNS benchmark solution, respectively. Note that,
for these two spatiotemporal averages, the results given by the CNS
benchmark solution are apparently larger than those based on the
DNS result. In addition, the variation ranges of hEix;y;t and hDix;y;t
given by the CNS benchmark solution are also apparently larger than
those by the DNS result, respectively. Furthermore, the distributions of
these two spatiotemporal averages given by the CNS benchmark solu-
tion have the spatial symmetry with respect to z ¼ 0:5, but those by
the DNS result have no such kind of spatial symmetry at all, because
when t � 100 the spatiotemporal trajectory given by DNS loses the
spatial symmetry (3).

All of these illustrate that not only the spatiotemporal trajectories
of the 3D turbulent Kolmogorov flow given by the DNS are badly pol-
luted by artificial numerical noises but also its statistics and energy cas-
cade have obvious deviations from the CNS benchmark solution. Note
that the above conclusions agree well qualitatively with our conclu-
sions about some 2D turbulent flows.23,25,26

C. Energy cascade

As mentioned in Sec. IIIB, the spatiotemporally averaged “scale-
to-scale energy flux” given by DNS in t 2 ½0; 90� agree quite well with
those given by CNS in the same interval of time, as shown in Fig. 11 of
Appendix A, indicating that DNS and CNS initially give the same
result. Here, let us compare the spatiotemporally averaged “scale-to-
scale energy flux” given by CNS and DNS when t 2 ½100; 500�.

The energy cascade is one of most important characteristic of tur-
bulent flow.32 The spatiotemporally averaged scale-to-scale energy flux
hP½l�i of the 3D turbulent Kolmogorov is as shown in Fig. 9, where hi
is an operator defined by Eq. (C3) and P½l� is defined by Eq. (C12) in
Appendix C. Note that the CNS benchmark solution has the inverse
energy cascade near the forcing scale l ¼ 0:125, where kinetic energy
transfers from smaller scale to larger ones so as to remain the large-
scale spatial symmetry (3) of the 3D turbulent Kolmogorov flow, but
has the direct energy cascade in the small scales, respectively. However,
on the contrary, the DNS result alwaysmaintains the direct energy cas-
cade, say, hP½l�i > 0 for all scales and the energy always transfers from
larger to smaller ones. This is mainly because, unlike the CNS bench-
mark solution, the spatiotemporal trajectory given by DNS within
t > 100 loses the large-scale spatial symmetry (3) of the flow when the
random numerical noise, which has no spatial symmetry at all, is expo-
nentially enlarged to the same order of magnitude as the exact solution
sexact at t � 100. Therefore, the energy cascade of the DNS result in
t 2 ½100; 500� is qualitatively different from that of the CNS bench-
mark solution: this again indicates the significant deviation of the DNS
result from the CNS benchmark solution of the NS turbulence consid-
ered in this paper. This is easy to understand from the mathematical
viewpoint: the CNS result that is a very accurate solution of the
Navier–Stokes turbulence is one thing, but the DNS result (when
t > 100) that is far away from the true solution of the same Navier–
Stokes turbulence is a completely different thing, so certainly their
energy cascades are different. In other words, the CNS result is the
solution of a dynamic system without disturbances, but the DNS result
(when t > 100) is the solution of a dynamic system with stochastic

FIG. 4. Distribution of the vorticity modulus at z ¼ 0, i.e., jxðx; y; 0; tÞj, of the 3D
turbulent Kolmogorov flow governed by Eq. (1) subject the periodic boundary condi-
tion and the initial condition (2) with the spatial symmetry (3) in the case of nK ¼ 4
and Re ¼ 1211:5 given by the CNS benchmark solution (left) and the DNS result
(right), respectively, at some typical times, i.e., (a)–(b) t ¼ 85, (c)–(d) t ¼ 95, (e)–
(f) t ¼ 100, and (g)–(h) t ¼ 500.
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disturbances: these two dynamic systems are essentially quite different.
It should be emphasized that the energy cascade given by DNS result
in t 2 ½0; 90� (see Fig. 11 of Appendix A) qualitatively supports our
CNS result shown in Fig. 9. Note that energy cascade is one of the
most important property of turbulence. Unfortunately, the numerical
experiment based on DNS mentioned in this paper may lead to unreli-
able conclusions.

Note that, although the DNS result has direct energy cascade for
all scales, say, energy always transfers from larger to smaller scale, its
numerical noise has been enlarged exponentially from a micro-level to
a macro-level until t � 100, as shown in Fig. 5. In other words, even
the direct energy cascade cannot stop the expansion of the artificial
numerical noise of DNS. This highly suggests that the noise-expansion
should have no relationship with energy cascade: it is an essential prop-
erty of turbulence, say, turbulence is chaotic in essence. This

fundamental property of turbulence is called “noise-expansion cas-
cade,” which was currently discovered by Liao and Qin:25 all distur-
bances at different orders of magnitude to the initial condition of the
NS equations increase separately, say, one by one like an inverse cas-
cade, to macro level, and each of them is capable of completely altering
the characteristics (such as the vorticity spatial symmetry) of turbulent
flow. Note that energy cascade is essentially different from “noise-
expansion cascade”: the former describes the energy distribution in
spatial dimension, but the latter is about the disturbance expansion in
temporal dimension.

D. Necessary condition for validity of DNS

As shown above, the spatiotemporal trajectories of turbulence
given by DNS are quickly polluted badly by numerical noises that are
artificial. However, many numerical experiments based on DNS agree
with physical experiments in statistics. Why? What is the necessary
condition for the validity of DNS?

Traditionally, DNS results of the Navier–Stokes equations were
widely regarded as “reliable” benchmark solutions of turbulence as
long as grid spacing is fine enough (i.e., less than the Kolmogorov
scale32) and time step is small enough, say, satisfying the Courant–
Friedrichs–Lewy condition,33 i.e., Courant number < 1. According to
our CNS benchmark solution, we have the spatiotemporally averaged
kinetic energy dissipation rate hDi ¼ 0:098, corresponding to the non-
dimensional Kolmogorov scale,32 say,

hgi � Re�3=4hDi�1=4 ¼ 0:0087: (6)

Since the grid spacing h ¼ 1=N � 0:0078, the criterion on the
grid spacing,32 i.e.,

h < hgi; (7)

is satisfied for the CNS. The DNS result gives the spatiotemporally
averaged kinetic energy dissipation rate hDi ¼ 0:085, corresponding
to the Kolmogorov scale hgi � 0:009, so that the grid spacing criterion
(7) is also satisfied. Therefore, the spatial resolution adopted in this
paper is fine enough for both of the CNS and DNS of the 3D turbulent
Kolmogorov flow considered in this paper, from the traditional view-
point of DNS. In addition, the corresponding Courant number is 0.09
for the CNS and 0.008 for the DNS, respectively: both of them satisfy

FIG. 5. Time histories of the mean squared deviations (between the DNS result and
the CNS benchmark solution) of du defined by Eq. (C7) (for the velocity) and dp
defined by Eq. (C8) (for the pressure) in Appendix C of the 3D turbulent
Kolmogorov flow governed by Eq. (1) subject the periodic boundary condition and
the initial condition (2) with the spatial symmetry (3) in the case of nK ¼ 4 and
Re ¼ 1211:5. Red solid line: du; blue dashed line: dp.

FIG. 6. Comparisons of time histories of
the spatially averaged (a) kinetic energy
hEiV and (b) kinetic energy dissipation
rate hDiV of the 3D turbulent Kolmogorov
flow governed by Eq. (1) subject the peri-
odic boundary condition and the initial
condition (2) with the spatial symmetry (3)
in the case of nK ¼ 4 and Re ¼ 1211:5,
given by the CNS benchmark solution
(solid line in red) and the DNS result
(dashed line in black), respectively.
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the Courant-Friedrichs–Lewy condition, i.e., Courant number <1.
Therefore, the time-steps used here for both of the DNS and CNS are
small enough from the traditional viewpoint of DNS. Unfortunately,
even so, the DNS result has distinct deviations not only in spatiotem-
poral trajectory but also even in energy cascade and statistics from the
CNS benchmark solution, clearly indicating that the small enough
spacing and time step cannot guarantee the validity of DNS for 3D tur-
bulent flows: in other words, they are not the sufficient and necessary
conditions for the validity of DNS.

Note that spatiotemporal trajectory given by DNS is a mixture
(sexact þ d) of the exact solution sexact and the deviation d caused by the
numerical noise, where d is random and thus has no spatial symmetry
at all so that it destroys the spatial symmetry (3) as it increases to the
same order of magnitude as the exact solution sexact . However, the
CNS benchmark solution always remains the spatial symmetry (3) in
t 2 ½0; 500�, indicating that the CNS result is a good approximation to
the exact solution sexact at least in t 2 ½0; 500� since its numerical devia-
tion d is much small than the exact solution sexact . For the 3D turbulent
Kolmogorov flow considered in this paper, the DNS result (in
t > 100) has obvious deviations from the CNS solution not only in the

trajectory, the spatial symmetry of flow field and the energy cascade
but also in statistics, say, hsexact þ di 6¼ hsexacti, where hi denotes an
operator of statistics in general, suggesting that DNS result might be
wrong sometimes even in statistics. This reveals a new necessary condi-
tion, i.e.,

hsexact þ di ¼ hsexacti; (8)

for the validity of DNS, say, turbulent flow must has statistic stability
under large disturbances. The left-hand side term hsexact þ di of Eq.
(8) can be gained by DNS, whose spatiotemporal trajectory is badly
polluted by artificial numerical noise quickly. The right-hand side term
hsexacti can be obtained by clean numerical experiment based on CNS,
respectively. Note that a chaotic system satisfying the criterion (8) is
called “normal-chaos” whose statistics are stable to small disturbances,
but otherwise “ultra-chaos,”34 i.e., not only its spatiotemporal trajecto-
ries but also its statistics are unstable to small disturbances. The neces-
sary condition (8) can well explain why many numerical experiments
based on DNS, although their spatiotemporal trajectories are badly
polluted by numerical noise, could agree with their corresponding
physical experiment in statistics: the corresponding turbulent flows

FIG. 7. Comparisons of probability density
functions (PDFs) of (a) the kinetic energy
Eðx; tÞ and (b) the kinetic energy dissipa-
tion rate Dðx; tÞ of the 3D turbulent
Kolmogorov flow governed by Eq. (1) sub-
ject the periodic boundary condition and
the initial condition (2) with the spatial
symmetry (3) in the case of nK ¼ 4 and
Re ¼ 1211:5, given by the CNS bench-
mark solution (solid line in red) and the
DNS result (dashed line in black), respec-
tively, where the PDFs are integrated in
ðx; y; zÞ 2 ½0; 1�3 and t 2 ½100; 500�.

FIG. 8. Comparisons of vertical distribu-
tions of the spatiotemporal averaged (a)
kinetic energy hEix;y;t and (b) kinetic
energy dissipation rate hDix;y;t of the 3D
turbulent Kolmogorov flow governed by
Eq. (1) subject to the periodic boundary
condition and the initial condition (2) with
the spatial symmetry (3) in the case of
nK ¼ 4 and Re ¼ 1211:5, given by the
CNS benchmark solution (solid line in red)
and the DNS result (dashed line in black),
respectively, where the spatiotemporal
averages are integrated in ðx; yÞ 2 ½0; 1�2
and t 2 ½100; 500�.
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must belong to normal-chaos so that DNS is valid in the meaning of
statistics. The same phenomena has been discovered by CNS:26 for
some turbulent flows, the statistic results of DNS on a rather sparse
mesh are the same as those of DNS on a very fine mesh. However,
unfortunately, not all turbulent flows belong to normal-chaos, as illus-
trated by Liao and Qin.26 So, it is very important whether a turbulent
flow has statistic stability (8) or not.

IV. CONCLUDING REMARKS AND DISCUSSIONS

In this paper, for the first time, we solve a 3D turbulent
Kolmogorov flow by means of clean numerical simulation (CNS), and
compare our CNS result with that given by DNS in detail. It is found
that the spatiotemporal trajectories of the 3D Kolmogorov turbulent
flow given by DNS are badly polluted by numerical noise rather
quickly, and the DNS result has obvious deviations from the CNS
benchmark solution not only in the flow field, the spatial symmetry of
vorticity, and the energy cascade but also even in statistics.

As shown in Figs. 1–4, the spatiotemporal trajectory given by
DNS agrees well with the CNS benchmark solution and has the spatial
symmetry (3) within t � 90, but loses the spatial symmetry lightly at
t � 95 and obviously at t � 100. However, the spatiotemporal trajec-
tory given by CNS always remains the spatial symmetry (3) through-
out the whole interval of time t 2 ½0; 500�. The reason why the DNS
result deviates greatly from the CNS benchmark solution and loses the
spatial symmetry (3) is its consistently increasing random numerical
noise, which has no spatial symmetry but is much larger than that of
CNS and thus reaches at a macro-level much earlier (at t � 100) than
the CNS benchmark solution. It should be emphasized that the loss of
the spatial symmetry (3) is an obvious sign and a criterion for numeri-
cal noise to be enlarged to the same order of magnitude as the true

solution. This is the reason why the initial condition (2) with the spa-
tial symmetry (3) is used in this paper.

Note that the numerical noise of the CNS benchmark solution
does not reach at the macro-level throughout the whole interval of
time t 2 ½0; 500�, clearly indicating that its “critical predictable time”
Tc must be greater than 500. As pointed out in Sec. II, DNS can be
regarded as a special case of the CNS, although its “critical predictable
time” Tc � 90 is much smaller than that of CNS, indicating that the
DNS is “clean” (i.e., not badly polluted by numerical noise) only in an
interval of time t 2 ½0; 90�, which is unfortunately too short for calcu-
lating statistics. It is a pity that, in the frame of DNS, people have no
concept of “critical predictable time” and believe that simulation can
be done in an arbitrary interval of time, which could be as long as one
would like.

As shown in Sec. IIIC, the energy cascade given by the DNS for
the 3D turbulent Kolmogorov flow is always direct, say, energy always
transfers from larger to smaller scale. However, according to our clean
numerical experiment based on CNS, the flow has the inverse energy
cascade within the spatial scale l > 0:05, where kinetic energy transfers
from small scale to large ones so as to remain the large-scale spatial
symmetry (3) of the 3D turbulent Kolmogorov flow, but has the direct
energy cascade within the small scale l < 0:05, respectively. This is
true in physics, since the forcing scale lf ¼ 0:5=nK ¼ 0:125 is in the
middle but the symmetric flow in a larger scale needs energy to
remain, so that the energy absorbed by the flow near the forcing scale
lf should transfer from small to large scales. Thus, from the viewpoint
of energy transfer of the 3D turbulent Kolmogorov flow, the numerical
experiment based on DNS may lead to unreliable conclusions. Note
that, although the DNS result has direct energy cascade for all scales,
i.e., kinetic energy transfers from large to small scales, its numerical
noise has been enlarged exponentially from a micro-level to a macro-
level. In other words, even the direct energy cascade (in spatial dimen-
sion) cannot stop the expansion of the numerical noise of DNS,
because small disturbances of turbulence are always enlarged (in tem-
poral dimension) due to the butterfly-effect of chaos. This confirms
once again that the so-called “noise-expansion cascade” discovered by
Liao and Qin25 is indeed a fundamental property of turbulence.

As shown in Sec. IIID, the small enough spacing and time step
cannot guarantee the validity of DNS for the 3D turbulent flows under
consideration: in other words, they are not the sufficient/necessary
conditions for the validity of DNS. Instead, we proposed the necessary
condition (8) for the validity of DNS: turbulent flow must have statistic
stability under disturbance. This well explains why many numerical
experiments based on DNS agree well with their corresponding physi-
cal experiments, because all of these turbulent flows must have statistic
stability. Unfortunately, not every turbulence has such kind of statistic
stability, as illustrated in this paper and also by some reported 2D tur-
bulent flows.23,25,26 Note that, given a turbulent flow, it is nowadays
unknown in mathematics whether its statistics is stable or not. This is
exactly the reason why the so-called “modified Fourth Millennium
Problem” was proposed in Ref. 22 since statistic stability of turbulence
is very important.

From mathematical viewpoint, it is clear that the DNS result
is the solution of the NS turbulence only in a short interval of time
t 2 ½0; 90� (as shown in Figs. 10 and 11), but is far away from the true
solution of the NS turbulence when t > 100 (see Figs. 6–9), say, badly
polluted by numerical noise, i.e., the numerical noise is at the same

FIG. 9. Comparison of the spatiotemporal averaged scale-to-scale energy flux
hP½l�i of the 3D turbulent Kolmogorov flow governed by Eq. (1) subject to the peri-
odic boundary condition and the initial condition (2) with the spatial symmetry (3) in
the case of nK ¼ 4, Re ¼ 1211:5, given by the CNS benchmark solution (solid line
in red) and the DNS result (solid line in blue), respectively, where the spatiotemporal
averages are integrated in ðx; y; zÞ 2 ½0; 1�3 and t 2 ½100; 500�. The black dash-
dot line corresponds to the forcing scale lf ¼ 0:5=nK ¼ 0:125.
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order of magnitude as its true solution. In other words, mathematically
speaking, the DNS result when t > 100 might have a rather weak rela-
tionship with the NS equations considered in this paper. Even so, it
clearly indicates the significant influences of small disturbances to the
Navier–Stokes turbulence in mathematics. Note that the Navier–
Stokes turbulence as a mathematical model completely neglects the
influence of “physical” disturbances when t > 0, which unfortunately
is unavoidable from physical viewpoint. So, the Navier–Stokes equa-
tions as a turbulence model might lead to a paradox in logic: it neglects
the unavoidable small physical stochastic disturbances in the real physi-
cal world, which however in mathematics has significant influences even
in statistics. To avoid this paradox, a stochastic turbulence model (such
as Landau–Lifshitz–Navier–Stokes equations35 that consider the influ-
ence of thermal fluctuation) should be suggested. Note that the Navier–
Stokes turbulence is one thing in mathematics, but real turbulence is
another thing in the physical world. As a noise-negligible numerical real-
ization, the CNS results reported in this paper reveal such kind of para-
dox of the Navier–Stokes turbulence, indicating that CNS should be a
powerful tool in theoretical investigation of turbulence.

Actually, although the computational efficiency of CNS has been
increased several orders of magnitude since 2009 due to the algorithmic
optimizations and a self-adaptive strategy,20,22,36 it still requires substan-
tial computer resources and is time-consuming at present, just like the
initial DNS when Orszag1 proposed it. For the 3D turbulent Kolmogorov
flow under consideration, large-scale parallel computing of the CNS takes
533h (i.e., about 22days) using 4096 CPUs (Intels CPU: Xeon Gold
6348, 2.60GHz) of the Tian-He New Generation Supercomputer at the
National Supercomputer Center in Tianjin, China. By contrast, the DNS
only needs 198h (i.e., about 8days) using 512 CPUs at the same comput-
ing platform: this number of CPUs corresponds to the optimal comput-
ing efficiency, say, more CPU time is needed when using the same
number (i.e., 4096) CPUs as the CNS. A relatively small time step Dt ¼
10�4 is adopted for the DNS so that the truncation error and round-off
error are at the approximately same order of magnitude. Even so, CNS
can provide us a powerful tool to theoretically investigate some turbulent
flows via clean numerical experiment (with negligible numerical noise),
especially about influence of small (physical or/and artificial) disturbances
to turbulence. Without doubt, given that even DNS is considered prohib-
itively expensive for engineering applications (where RANS and LES
dominate), CNS is nowadays just at its initial stage and thus quite far
from practical applications.

Finally, we emphasize once again that turbulent Kolmogorov
flow is primarily studied as a theoretical and idealized model to under-
stand the fundamental aspects of turbulence. While Kolmogorov flow
itself is not directly used in practical applications, the insights gained
from studying Kolmogorov flow have significant implications for vari-
ous fields, and the knowledge derived from its study enhances our abil-
ity to model, predict, and control turbulence in real world.
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FIG. 10. Comparisons of (a) PDFs of Eðx; tÞ, (b) PDFs of Dðx; tÞ, (c) vertical distri-
butions of hEix;y;t , and (d) vertical distributions of hDix;y;t of the 3D turbulent
Kolmogorov flow governed by Eq. (1) subject the periodic boundary condition and
the initial condition (2) with the spatial symmetry (3) in the case of nK ¼ 4 and
Re ¼ 1211:5, given by the CNS benchmark solution (red line) and the DNS result
(black circle) in t 2 ½0; 90�, respectively.

FIG. 11. Comparison of the spatiotemporal averaged scale-to-scale energy flux
hP½l�i of the 3D turbulent Kolmogorov flow governed by Eq. (1) subject to the peri-
odic boundary condition and the initial condition (2) with the spatial symmetry (3) in
the case of nK ¼ 4, Re ¼ 1211:5, given by the CNS benchmark solution (red line)
and the DNS result (black circle), respectively, where the spatiotemporal averages
are integrated in ðx; y; zÞ 2 ½0; 1�3 and t 2 ½0; 90�. The black dash-dot line corre-
sponds to the forcing scale lf ¼ 0:5=nK ¼ 0:125.
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APPENDIX A: COMPARISON OF CNS AND DNS IN
t 2 ½0;90�

Our DNS result is the same as the CNS one only in a short inter-
val of time t 2 ½0; 90�, as shown in (a) and (b) (when t ¼ 85) of Figs.
2–4. The corresponding “statistic” results and spatiotemporal averaged
scale-to-scale energy flux given by DNS in t 2 ½0; 90� agree also quite
well with those given by CNS in the same interval of time, as shown in
Figs. 10 and 11. From the viewpoint of CNS, the so-called “critical pre-
dictable time” of our DNS result is about 90, i.e., Tc � 90, which is
unfortunately too short to obtain reliable statistic results. Although
these DNS results in Figs. 10 and 11 are unreliable, they clearly indicate
that the DNS and CNS indeed initially give the same solution. It should
be emphasized that the DNS result in t 2 ½0; 90� qualitatively supports
our CNS result in t 2 ½0; 500� about energy cascade.

APPENDIX B: CNS ALGORITHM FOR 3D KOLMOGOROV
FLOW

Let ðu; v;wÞ denote the velocity field and p stand for the pres-
sure. For the 3D turbulent Kolmogorov flow under consideration,
continuity equation and momentum equations are as follows:

ux þ vy þ wz ¼ 0; (B1)

ut þ uux þ vuy þ wuz ¼ �px þ Du
Re

þ f ; (B2)

vt þ uvx þ vvy þ wvz ¼ �py þ Dv
Re

; (B3)

wt þ uwx þ vwy þ wwz ¼ �pz þ Dw
Re

; (B4)

subject to the periodic boundary condition and the initial condition (2)
with the spatial symmetry (3) mentioned in the main text, where x, y,
and z as subscripts denote the spatial derivatives, D is the Laplace opera-
tor, and f ¼ sinð2pnKzÞ is the external force. Based on Eqs. (B1)–(B4),
we have the Poisson equation of the pressure p as follows:

Dp ¼ � @

@t
ðux þ vy þ wzÞ þ 1

Re
Dðux þ vy þ wzÞ

� ð2uyvx þ 2vzwy þ 2uzwx þ uxux þ vyvy þ wzwzÞ: (B5)

According to the continuity equation (B1), the above equation
becomes

Dp ¼ �ð2uyvx þ 2vzwy þ 2uzwx þ uxux þ vyvy þ wzwzÞ: (B6)

Note that the pressure p satisfies the periodic condition on the
boundary, too. So, as long as the velocity field is known, one can
gain the corresponding pressure field by solving the above Laplace
equation with the periodic boundary condition (see Ref. 2).

Like DNS, the spatial domain ðx; y; zÞ 2 ½0; 1�3 is discretized by
means of N3 equidistant points, i.e.,

xi ¼ i
N
; yj ¼ j

N
; zk ¼ k

N
;

where i; j; k ¼ 0; 1; 2; …; N � 1. To reduce truncation errors in
the dimension of time, we, unlike DNS, use the following high-
order Taylor expansions,

uðxi; yj; zk; t þ DtÞ �
XM
m¼0

u m½ �ðxi; yj; zk; tÞðDtÞm; (B7)

vðxi; yj; zk; t þ DtÞ �
XM
m¼0

v m½ �ðxi; yj; zk; tÞðDtÞm; (B8)

wðxi; yj; zk; t þ DtÞ �
XM
m¼0

w m½ �ðxi; yj; zk; tÞðDtÞm; (B9)

where Dt is the time step and M is the order of Taylor expansion,
with the following definitions:

u m½ � ¼ 1
m!

@mu
@tm

; v m½ � ¼ 1
m!

@mv
@tm

; w m½ � ¼ 1
m!

@mw
@tm

:

Here, the order M should be large enough so as to reduce the tem-
poral truncation errors to a required tiny level.

Differentiating both sides of Eqs. (B2)–(B4) ðm� 1Þ times
with respect to t and then dividing them by m!, we obtain the gov-
erning equations of u½m�, v½m� and w½m� at ðxi; yj; zk; tÞ as follows:

u m½ � ¼ 1
m

�
�
Xm�1

s¼0

ðu s½ �u m�1�s½ �
x þ v s½ �u m�1�s½ �

y þ w s½ �u m�1�s½ �
z Þ

� p m�1½ �
x þ Du m�1½ �

Re
þ Fm

�
; (B10)

v m½ � ¼ 1
m

�
�
Xm�1

s¼0

ðu s½ �v m�1�s½ �
x þ v s½ �v m�1�s½ �

y þ w s½ �v m�1�s½ �
z Þ

� p m�1½ �
y þ Dv m�1½ �

Re

�
; (B11)

w m½ � ¼ 1
m

�
�
Xm�1

s¼0

ðu s½ �w m�1�s½ �
x þ v s½ �w m�1�s½ �

y þ w s½ �w m�1�s½ �
z Þ

� p m�1½ �
z þ Dw m�1½ �

Re

�
; (B12)

where m � 1, and

Fm ¼ sinðnK2pzkÞ; m ¼ 1;

0; m > 1:

(
(B13)
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In addition, differentiating both sides of Eq. (B6) ðm� 1Þ
times with respect to t and then dividing them by ðm� 1Þ!, the gov-
erning equation of p½m�1� at ðxi; yj; zk; tÞ, whose value is needed in
Eqs. (B10)–(B12), is obtained as follows:

Dp m�1½ � ¼ �2
Xm�1

s¼0

�
u s½ �
y v

m�1�s½ �
x þ v s½ �

z w
m�1�s½ �
y þ u s½ �

z w
m�1�s½ �
x

	

�
Xm�1

s¼0

�
u s½ �
x u

m�1�s½ �
x þ v s½ �

y v
m�1�s½ �
y þ w s½ �

z w
m�1�s½ �
z

	
: (B14)

The above Laplace equation of p½m�1� can be easily solved by means
of Fourier transforms, as long as u½m�1�, v½m�1� and w½m�1� are known.
Thereafter, one can further gain u½m�, v½m� and w½m� by means of
Eqs. (B10)–(B12), respectively, and then p½m� by means of Eq. (B14),
and so on.

Note that there exist some spatial partial derivatives (denoted
by subscripts) in Eqs. (B10)–(B14). Without loss of generality, we

take u½m�1�
xx ðxi; yj; zk; tÞ as an example. In order to approximate this

spatial partial derivative with high precision from the known dis-
crete variable u½m�1�ðxi; yj; zk; tÞ, we, like DNS, adopt the spatial
Fourier series

u m�1½ �ðx; y; z; tÞ �
X

jnj�N=3

U m�1½ �ðnx; ny; nz; tÞ

� exp 2piðnxx þ nyy þ nzzÞ

 �

; (B15)

with n ¼ ðnx; ny; nzÞ, where nx , ny , nz are integers, i ¼ ffiffiffiffiffiffi�1
p

denotes the imaginary unit, for dealiasing U ½m�1�ðnx; ny; nz ; tÞ ¼ 0
is imposed for wave-numbers outside the above domain

P
, and

U m�1½ �ðnx; ny; nz ; tÞ ¼ 1
N3

XN�1

i¼0

XN�1

j¼0

XN�1

k¼0

u m�1½ �ðxi; yj; zk; tÞ

� exp �2piðnxxi þ nyyj þ nzzkÞ

 �

; (B16)

is determined by the known u½m�1�ðxi; yj; zk; tÞ. Then, we have the
rather accurate approximation of the spatial partial derivative

u m�1½ �
xx ðxi; yj; zk; tÞ �

X
jnj�N=3

ð2pinxÞ2U m�1½ �ðnx; ny; nz; tÞ

� exp 2pi ðnxxi þ nyyj þ nzzkÞ

 �

: (B17)

Here, the fast Fourier transform (FFT) is used to increase computa-
tional efficiency. In this way, the spatial truncation error can be
decreased to any required tiny level, as long as the mode number N
is large enough.

It should be emphasized that, if the order M of the Taylor
expansions (B7)–(B9) in temporal dimension is large enough, tem-
poral truncation error can be decreased to any required tiny level.
In addition, if the spatial discretization is fine enough, i.e., the mode
number N is large enough, spatial truncation error in Eqs. (B15)–
(B17) can be reduced to any required tiny level. However, these are
not enough, since there always exists round-off error that might be
larger than temporal and/or spatial truncation errors. Thus, in the
frame of CNS, we, unlike DNS, express all parameters and variables
in multiple precision (MP)31 using a large enough number Ns of sig-
nificant digits so that round-off error can be reduced to any

required tiny level. In this way, background numerical noise, i.e.,
the maximum of truncation error and round-off error, can be
decreased to any required tiny level. This is fundamentally different
from DNS that uses the double precision in general. Note that result
given by CNS is useful only in a limited temporal interval
t 2 ½0;Tc�, where Tc is the so-called “critical predictable time,” in
which numerical noise is negligible compared to the exact solution
sexact of the NS equations. For more details about the CNS algo-
rithm, please refer to Refs. 18 and 23.

We emphasize here that DNS1–3,5–10 can be regarded as a spe-
cial case of CNS,17,18,20,22,23 since both of CNS and DNS are based
on pseudo-spectral method in spatial dimension. However, in tem-
poral dimension, DNS generally uses either a second-order or
fourth-order Runge–Kutta method, but CNS applies a much higher
Taylor expansion so as to decrease temporal truncation error to any
required tiny level. More importantly, unlike DNS that normally
uses double-precision, CNS uses multiple-precision with much
more significant digits so as to decrease round-off error to any
required tiny level. Therefore, results given by CNS are much more
accurate than those by DNS.

APPENDIX C: DEFINITIONS OF SOMEMEASURES

For the sake of simplicity, the definitions of some statistic
operators are briefly described below. The spatial average is defined
by

h iV ¼
ð1
0

ð1
0

ð1
0
dxdydz; (C1)

the spatiotemporal average varying along z direction is defined by

h ix;y;t ¼
1

T2 � T1

ð1
0

ð1
0

ðT2

T1

dxdydt; (C2)

and the spatiotemporal average over the whole field is defined by

h i ¼ 1
T2 � T1

ð1
0

ð1
0

ð1
0

ðT2

T1

dxdydzdt; (C3)

respectively, where T1 ¼ 100 and T2 ¼ 500 are chosen in the main
text for the 3D turbulent Kolmogorov flow under consideration.

The vorticity xðx; tÞ can be expanded as the Fourier series

xðx; tÞ ¼ r � uðx; tÞ ¼
X

jnj�N=3

Xðn; tÞ expð2pi n � xÞ; (C4)

with x ¼ ðxx;xy;xzÞ, X ¼ ðXx;Xy;XzÞ, and n ¼ ðnx; ny; nzÞ,
where nx , ny , nz are integers, i ¼

ffiffiffiffiffiffi�1
p

denotes the imaginary unit,
and for dealiasing Xðn; tÞ ¼ 0 is imposed for wavenumbers outside
the above domain

P
. The enstrophy spectrum is defined as

BkðtÞ ¼
X

k�1=2�jnj<kþ1=2

jXðn; tÞj2; (C5)

where the wave number k is a non-negative integer. For two differ-
ent numerical simulations that correspond to BkðtÞ and B0

kðtÞ,
respectively, where the latter has smaller numerical noise and thus
has higher numerical precision, we define the so-called “spectrum-
deviation,”
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dsðtÞ ¼

X
k¼0

jBkðtÞ � B0
kðtÞjX

k¼0

B0
kðtÞ

; (C6)

to measure the deviation of BkðtÞ from B0
kðtÞ at the given time t. In

addition, to clearly indicate deviation of the velocity u and the pres-
sure p between the DNS result and the CNS benchmark solution,
we define the mean squared deviation of the velocity and pressure
as follows:

duðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hjuDNSðx; tÞ � uCNSðx; tÞj2iV

q
; (C7)

dpðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h pDNSðx; tÞ � pCNSðx; tÞ½ �2iV

q
; (C8)

where uDNSðx; tÞ, pDNSðx; tÞ, uCNSðx; tÞ, and pCNSðx; tÞ are the veloc-
ity and pressure fields given by DNS and CNS, respectively, and h iV
denotes a spatial average defined by Eq. (C1).

We also focus on the kinetic energy,

Eðx; tÞ ¼ 1
2
juðx; tÞj2; (C9)

and the kinetic energy dissipation rate,

Dðx; tÞ ¼ 1
2Re

X
ij

@iujðx; tÞ þ @juiðx; tÞ

 �2

; (C10)

where i; j ¼ 1; 2; 3, u1 ¼ u, u2 ¼ v, u3 ¼ w, @1 ¼ @=@x, @2 ¼ @=@y,
and @3 ¼ @=@z.

Filter space technique (FST) is employed here to extract the
scale-to-scale energy flux, denoted as P½l�. FST, initially developed
for large eddy simulation in the 1970s,37 involves applying a low-
pass filter to the velocity field. Mathematically, it is expressed as

f l½ �ðx; tÞ ¼
ð
G l½ �ðx � x0Þf ðx0; tÞdx0; (C11)

where f represents a 3D function, x ¼ ðx; y; zÞ denotes the coordi-
nate vector, and G½l� is chosen to be a spherical Gaussian filter for
the scale l (see Refs. 38 and 39) For the incompressible Navier–
Stokes equations, the scale-to-scale energy flux can be derived ana-
lytically as

P l½ � ¼ �
X

i;j¼1;2;3

uiujð Þ l½ � � u l½ �
i u

l½ �
j

h i @u l½ �
i

@xj
: (C12)

Note that the sign of P½l� reveals the direction of energy transfer: a
positive value indicates a direct cascade from larger scale (> l) to
smaller scale (< l), while a negative value signifies the inverse
cascade.
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