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Due to the butterfly-effect, numerical noise in chaotic systems grows exponentially, presenting a significant 
challenge. This issue can be mitigated through the use of Clean Numerical Simulation (CNS) proposed by Liao 
in 2009, which can effectively reduce numerical noise to a desired (say, arbitrarily low) level in an interval 
of time that is long enough for statistics. In this paper, we propose the CNSPy, a novel, highly efficient, self
adaptive CNS implementation to obtain the convergent (i.e. reproducible) numerical simulation of chaotic systems 
governed by a set of ordinary differential equations (ODEs). This software automates the CNS computational 
workflow by automatically converting Python-defined ODEs into a parallelized C code, eliminating the need for 
error-prone manual derivation and coding while ensuring high efficiency in high-performance computing (HPC) 
environments. The code is free and available at https://github.com/sjtu-liao/cnspy.

1. Introduction

It is well established that the sensitivity on initial conditions (SDIC) 
is one of the most challenging characteristics of chaotic systems [1--3]. 
Even the smallest variation in initial conditions or system parameters 
can lead to drastically different outcomes [4,5]. Importantly, such vari
ations can arise from numerical errors introduced by different com
putational methods or varying levels of precision, such as the use of 
Float32 versus Float64 in Python. This sensitivity is not only driven 
by the initial conditions but also by the numerical algorithms employed. 
As Lorenz [6] noted, a simple three-dimensional chaotic system can ex
hibit a phenomenon referred to as sensitivity dependence on numerical 
algorithms (SDNA). Numerical noise, an inevitable component of any 
computational process, grows exponentially and can match the magni
tude of the ‘true’ physical solution, eventually. Moreover, the shadowing 
solution of the famous shadowing lemma may not reflect physical real
ity [7]. The unreliability of chaotic numerical solutions has long been 
a topic of debate regarding the credibility of numerical simulations of 
chaotic dynamical systems [8], with some researchers arguing that the 
numerical convergence of chaotic systems cannot be guaranteed indef
initely [9].

Beyond classical integer-order chaotic systems, comparable chal
lenges emerge in fractional-order models, where memory effects and 
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nonlocality compromise the reliability of long-term simulations. Re
cent studies demonstrate that fractional chaotic systems exhibit com
parable sensitivity to numerical noise and algorithmic choices, ne
cessitating high-accuracy numerical methods. For instance, Owolabi 
and Karaagac [10] investigated chaotic and spatiotemporal oscilla
tions in fractional reaction-diffusion systems, highlighting the critical 
need to manage numerical noise for long-term reproducibility. Simi
larly, Owolabi and Atangana [11] simulated complex spatiotemporal 
patterns under fractional dynamics, demonstrating the essential role 
of high-precision numerical techniques in capturing key chaotic fea
tures. Further theoretical and numerical analyses of fractional-order 
systems with Riemann–Liouville derivatives [12] underscore the cru
cial importance of controlling round-off and truncation errors. In ap
plied settings, such as epidemic modeling with nonlocal and nonsingular 
derivatives [13], maintaining numerical stability is equally imperative. 
Collectively, these findings underscore the critical importance of noise
sensitive and precision-focused numerical strategies for ensuring reli
able long-term simulations of both integer- and fractional-order chaotic 
systems.

To overcome the above-mentioned difficulties, Liao [14] proposed 
a new numerical strategy in 2009, namely the clean numerical simu
lation (CNS) [15--19]. Different from other traditional numerical algo
rithms, CNS decreases not only truncation errors by means of high-order 
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truncation numerical algorithms (such as the Taylor series method in 
time and the pseudo-spectral method in space) but also round-off error 
using high accurate data with a large number of significant digits. In the 
frame of CNS, numerical errors are controlled below such a desired level 
that they are negligible compared to the true solution in a finite interval 
of time 𝑡 ∈ [0, 𝑇𝑐], where 𝑇𝑐 is called the critical predictable time [16]. 
To confirm the convergence of a chaotic numerical simulation, the same 
CNS algorithm with even smaller numerical noises is used to gain an
other simulation that should be even closer to the true solution in the 
same interval of time 𝑡 ∈ [0, 𝑇𝑐]. In this way, one can gain convergent 
(i.e. reproducible) numerical simulations of a chaotic system in a finite 
interval of time that however is long enough for calculating statistics.

As mentioned in Liao’s book [15], the computational efficiency of 
CNS has been increased several orders of magnitude since 2009 and 
many chaotic problems have been successfully solved by CNS, such as 
the Lorenz-63 system [18], the spatial-temporal chaos [19], the Arnold
Beltrami-Childress flow [20], and so on. Especially, using a strategy 
based on CNS, the number of planar periodic orbits of the famous three
body problem has been increased several orders of magnitude [21--23], 
and a roadmap to gain planar periodic orbits of general three-body sys
tem with arbitrary masses was proposed by Liao et al. [24] in 2022. 
Note that only thirty families of planar periodic orbits [25,26] had been 
identified prior to their discoveries since Newton mentioned it in 1680s. 
Besides, Li and Liao [27] currently discovered 10,059 three-dimensional 
periodic orbits of general three-body system by means of CNS. By means 
of CNS, it was found that statistic results of some chaotic systems are 
very sensitive to small disturbances: this fact leads to a completely new 
concept ``ultra-chaos'' [28,29] that has a higher disorder than a normal
chaos whose statistics are stable to tiny disturbances. In addition, the 
CNS has demonstrated significant potential in turbulence research. For 
example, Qin et al. [30,31] found that numerical noises as artificial 
stochastic disturbances have large-scale influence on a sustained tur
bulence. Liao and Qin discovered the so-called noise-expansion cascade 
of turbulence [32] that could reveal the origin of macroscopic random
ness of turbulence. In 2025, Liao and Qin [33] applied CNS to provide, 
for the first time, a rigorous evidence that artificial numerical noise in 
direct numerical simulation (DNS) of turbulence is approximately equiv
alent to thermal fluctuation and/or stochastic environmental noise, and 
this provides, for the first time, a positive viewpoint regarding the pres
ence of artificial numerical noise in DNS. Currently, Qin and Liao [34] 
successfully applied CNS to solve a three-dimensional turbulent flow. 
All of these not only validate CNS as an innovative methodology bridg
ing computational simulations with physical reality, but also establish a 
conceptual framework for probing the origin of randomness in complex 
fluid systems.

As one can predict that a large order Taylor series method and num
ber of significant digits in the CNS will be costly in time. Thus, some 
efforts have been made to accelerate the Taylor series method by many 
researchers. Unlike the fast Fourier transform (FFT) speed up the Fourier 
transform by using the symmetrical characteristic of the Fourier base, 
the Taylor series is hard to directly speed up the calculation. However, 
one can use the optimal time step and optimal Taylor series order to 
reduce computational effort. Scott [35] gives an optimal time step by 
using the (N-1)-th order Lagrange remainder of the Taylor series, and 
barrio [36] gives a similar optimal time step with both the N-th and 
(N-1)-th order. Jorba [37] gives both the optimal time step and optimal 
order of Taylor series method by a different estimation of the Taylor se
ries’ error. For the above optimal method for the Taylor series method, 
Qin [38] gives an optimal number of significant digits for CNS by con
sidering the error growth of the objective system.

Several packages employ the Taylor series method to solve ordinary 
differential equations (ODEs), providing valuable tools across various 
domains [37,39,40]. However, these existing packages are not designed 
based on the CNS strategy, which is crucial for obtaining reliable so
lutions in chaotic systems. Notably, they typically focus on optimizing 
order and time step without considering the optimal number of signifi

cant digits, and the chosen optimal order may not be suitable for parallel 
implementations. To overcome these limitations, this paper revisits the 
self-adaptive CNS methodology and introduces an innovative optimiza
tion of the order parameter specifically designed for parallel computing 
environments. Then, we present a new implementation CNSPy with the 
new self-adaptive CNS method, and use it to solve some typical chaotic 
system as some examples.

Compared with conventional integrators such as Runge–Kutta schemes 
(e.g., RK4), CNSPy adopts a fundamentally different philosophy. Tradi
tional solvers aim at controlling local truncation errors and are widely 
used for their efficiency and robustness. However, they offer no theo
retical guarantee for the long-term accuracy of chaotic trajectories, as 
numerical noise can exponentially amplify and ultimately dominate the 
solution. Most mainstream ODE solvers, such as those in SciPy, Dif
ferentialEquations.jl, or MATLAB’s ODE suite, primarily support 
short-term simulations with adaptive step-size control. Their parallelism 
is often limited to ensemble runs or coarse time-domain decomposition, 
and they lack intrinsic support for arbitrary precision or adaptivity in 
digit accuracy. In contrast, CNSPy is specifically designed to deliver 
mathematically convergent solutions within a user-defined critical pre
dictable time (𝑇𝑐 ), by automatically estimating the required Taylor 
order and number of significant digits. This not only ensures numer
ical reliability, but also provides a natural framework for fine-grained 
task-level parallelism, as individual Taylor terms can be evaluated in
dependently. This makes CNSPy both accurate and scalable on modern 
multi-core CPUs, addressing the major limitations of existing integrators 
when applied to long-term simulations of chaotic systems.

CNSPy is publicly available at https://github.com/sjtu-liao/cnspy. 
The repository includes detailed documentation and example scripts 
that reproduce all key results in this paper.

2. Review of the self-adaptive CNS

The numerical method in CNSPy is based on the self-adaptive CNS. 
The entire procedure of the self-adaptive CNS algorithm including ini
tialization, error control, Taylor order adjustment, and step-size adap
tation processes, which is illustrated in Fig. 1. So in this section, we will 
give a brief review of the self-adaptive CNS. For more details, please 
refer to Qin and Liao [38].

2.1. Basic idea of CNS

CNS is a set of strategies with the purpose of arbitrarily controlling 
numerical noise. Its main point is decreasing the truncation error and 
the round-off error to a required level. Truncation errors come from 
the discretization of continuous systems. Numerical methods have the 
following general form:

𝑓 (𝑡+ ℎ) = 𝑓 (𝑡) + ℎ ⋅𝑅𝐻𝑆(𝑡) (1)

where 𝑅𝐻𝑆(𝑡) is the right-hand side, it varies according to the numer
ical methods. For the N-th-order Taylor series method, the right-hand 
side can be written as:

𝑅𝐻𝑆(𝑡) =
𝑁∑
𝑖=1 

𝑓 (𝑖)(𝑡)
𝑖! 

Δ𝑡𝑖−1 +(ℎ𝑁 ) (2)

The CNS suggests that increasing 𝑁 with higher-order Taylor series 
methods can reduce truncation errors to a sufficiently small level. Ad
ditionally, by employing extended precision formats to store additional 
digits in computational systems, the number of significant digits 𝑁𝑠 can 
be increased, thereby significantly reducing round-off errors. As a result, 
numerical noise can be controlled to an arbitrarily small magnitude.

Since numerical noise grows exponentially, there exists a critical pre
dictable time 𝑇𝑐 , defined as the time when the average level of numerical 
noise reaches a predefined threshold, known as the critical numerical 
noise 𝜀𝑐 . Therefore, to determine the required values of 𝑁 and 𝑁𝑠, it is 
necessary to first define the relation between 𝑇𝑐 and numerical noise.
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Fig. 1. Procedure of the self-adaptive CNS algorithm. 

In a chaotic system, the averaged level of numerical noise should 
increase exponentially within a temporal interval [0, 𝑇𝑐], i.e.

𝜀(𝑡) = 𝜀0 exp(𝜅𝑡), 0 ≤ 𝑡 ≤ 𝑇𝑐, (3)

where the noise growing exponent 𝜅 is the maximum Lyapunov expo
nent. Then, the critical predictable time 𝑇𝑐 can be estimated by:

𝑇𝑐 =
1 
𝜅
ln(

𝜀𝑐

𝜀0
), (4)

where 𝜀𝑐 denotes the critical numerical noise (numerical noise at critical 
time 𝑇𝑐 ). It is important to note that each CNS result 𝑥(𝑡) is rigorously 
compared with another CNS result 𝑥′(𝑡), obtained using a higher-order 
Taylor expansion and a greater number of significant digits. This com
parison ensures that the difference between the two results remains 
smaller than the required precision over the entire computation time, 
𝑡 ∈ [0, 𝑇𝑐].

2.2. Dealing with the equations

In this subsection, we will briefly review the approach employed in 
[14] for solving the Lorenz-63 equations by CNS, the Lorenz-63 equa
tions are defined by

𝑥̇1(𝑡) = 𝜎(𝑥2(𝑡) − 𝑥1(𝑡)),

𝑥̇2(𝑡) =𝑅𝑥1(𝑡) − 𝑥2(𝑡) − 𝑥1(𝑡)𝑥3(𝑡),

𝑥̇3(𝑡) = 𝑥1(𝑡)𝑥2(𝑡) − 𝑏𝑥3(𝑡),

(5)

where 𝜎,𝑅, 𝑏 are physical parameters, 𝑥1(𝑡), 𝑥2(𝑡), 𝑥3(𝑡) are variables 
of the Lorenz 63 system and the dot denotes the differentiation with 
respect to the time 𝑡.

To obtain a N-th order Taylor series iterative formulae, we differen
tiate both sides of the Lorenz equations (𝑁 − 1) times with respect to 𝑡
and then dividing them by 𝑛!, and have

𝑥
[𝑛+1]
1 = 𝜎

𝑛+ 1
(𝑥[𝑛]2 − 𝑥

[𝑛]
1 ),

𝑥
[𝑛+1]
2 = 1 

𝑛+ 1
(𝑅𝑥

[𝑛]
1 − 𝑥

[𝑛]
2 −

𝑛 ∑
𝑗=0 

𝑥
[𝑗]
1 𝑥

[𝑛−𝑗]
3 ),

𝑥
[𝑛+1]
3 = 1 

𝑛+ 1
(𝑏𝑥[𝑛]1 +

𝑛 ∑
𝑗=0 

𝑥
[𝑗]
1 𝑥

[𝑛−𝑗]
2 ),

(6)

where 𝑥[𝑛]1 , 𝑥
[𝑛]
2 , 𝑥

[𝑛]
3 are the coefficients of the Taylor series

𝑥
[𝑛]
1 = 1 

𝑛!
𝜕𝑛𝑥1(𝑡)
𝜕𝑡𝑛

,

𝑥
[𝑛]
2 = 1 

𝑛!
𝜕𝑛𝑥2(𝑡)
𝜕𝑡𝑛

,

𝑥
[𝑛]
3 = 1 

𝑛!
𝜕𝑛𝑥3(𝑡)
𝜕𝑡𝑛

.

(7)

2.3. Self-adaptive order and time step size

The numerical noise is defined by the maximum of the truncation 
error and round-off error. So, Qin and Liao [38] let the truncation error 
is at the same level as the round-off error. And they use the optimal time 
step size, which is given by Barrio [41]

Δ𝑡 =min
⎛⎜⎜⎜⎝

tol
1 
𝑁‖‖‖𝑥[𝑁−1]

𝑖
(𝑡)‖‖‖ 1 

𝑁−1
∞

,
tol

1 
𝑁+1‖‖‖𝑥[𝑁]

𝑖
(𝑡)‖‖‖ 1 

𝑁

∞

⎞⎟⎟⎟⎠ , (8)

where tol denotes the allowed tolerance and ‖⋅‖∞ denotes the supre
mum norm. The order of Taylor expansion for parallel technology is 
given by an empirical formula

𝑁 = ⌈−𝜇 log10(tol)⌉ = ⌈𝜇𝑁𝑠⌉ , (9)

where the tol is using the round-off error form tol = 10−𝑁𝑠 and 𝑁𝑠 de
notes the number of significant digits. A linear ratio, 𝜇, is present in (9)
and was empirically set to 1.5 by Qin and Liao [38].

2.4. Self-adaptive number of significant digits

As noted in (3), numerical noise grows exponentially over time. 
Consequently, for a larger critical time 𝑇𝑐 , it becomes necessary to em
ploy a sufficiently small initial numerical noise threshold 𝜀0 . Assuming 
𝜀0 = 10−𝑁𝑠 , the equation (3) has the form

𝜀(𝑡) = 𝜀0 exp(𝜅𝑡) = 10−
(
𝑁𝑠−𝜅𝑡∕ ln10

)
, 𝑡 ∈

[
0, 𝑇𝑐

]
, (10)

and the number of significant digits 𝑁𝑠 at time 𝑇𝑐 has the relationship

𝑁𝑠 =
⌈
𝛾𝜅𝑇𝑐

ln 10 
− log10 𝜀𝑐

⌉
, (11)

where 𝛾 ≥ 1 denotes a safety factor in the adaptive number of significant 
digits implementation, it is set to be 𝛾 = 1 in the fix number of significant 
digits implementation [14,38]. Since holding the large 𝑁𝑠 significantly 
reduces computational efficiency, and it is unnecessary to keep the 𝑁𝑠

during the whole integration, the number of significant digits 𝑁𝑠 can 
decrease with time

𝑁𝑠 =

⌈
𝛾𝜅

(
𝑇𝑐 − 𝑡′

)
ln 10 

− log10 𝜀𝑐

⌉
, (12)

where 𝑡′ = 𝑛Δ𝑇 with 𝑛 = 0,1,2,… and Δ𝑇 is the changing interval 
of the number of significant digits. As noted in [38], the approach de
scribed in (12) should not be applied to the entire computation. Instead, 
it is necessary to implement a stabilization period, 𝑇𝑟, prior to the time 
approaching 𝑇𝑐 i.e. the value of 𝑁𝑠 is stopped decreasing after 𝑇𝑐 − 𝑇𝑟.
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3. Implementation in CNSPy

In this section, we will show the implementation in CNSPy, including 
automatic differentiation (AD), arbitrary number of significant digits 
and a new parallel optimal order formula.

3.1. Automatic differentiation

Differentiating equations (e.g., (5) and (6)) to derive iterative for
mulae is the most straightforward approach. However, this process is 
challenging to automate. Automatic differentiation (AD) provides an 
efficient method to automatically generate the iterative formulae for 
Taylor series, and it has been implemented in various software packages, 
such as taylor[37], TIDES[40], and TaylorIntegration.jl[39], 
which employ the Taylor series method to solve ordinary differential 
equations (ODEs). Although the foundational concept of AD has been 
thoroughly explained in [37], we include it here for completeness.

Assuming the objective ODEs

𝐱̇ = 𝑓 (𝐱, 𝑡), (13)

and the function 𝑓 (𝐱, 𝑡) is consisted of basic binary arithmetic 𝔟(⋅), such 
as +, −, ×, ÷, exp, log, sin, cos, etc., then the function (13) can be 
decomposed to 𝑆 binary operation 𝐟 = {𝑓𝑠, 𝑠 = 0,1,2,… , 𝑆}, i.e.

𝑓1 = 𝔟1(𝑥𝑖, 𝑥𝑗 ), 𝑥𝑖, 𝑥𝑗 ∈ 𝐱

…

𝑓𝑚+1 = 𝔟2(𝑥𝑖, 𝑓𝑠), 𝑥𝑖 ∈ 𝐱 and 𝑠 < 𝑚

…

𝑓𝑆 = 𝔟𝑆 (𝑓𝑠1
, 𝑓𝑠2

), 𝑠1, 𝑠2 < 𝑆

𝑓 (𝐱, 𝑡) = 𝑓𝑆,

(14)

where 𝑚 denotes the number of binary operation between 𝐱. The struc
ture depicted in equation (14) represents the parse tree corresponding 
to equation (13). To solve equation (13) using the Taylor series method, 
the binary operation 𝔟(⋅) must be transformed into the fundamental 
Taylor series binary arithmetic 𝔅(⋅). By providing all the essential it
erative arithmetic formulae for 𝔅(⋅), equation (13) can be efficiently in 
an order-by-order manner, following a procedure analogous to equation 
(14).

The 𝔅(⋅) can be easily derived by Leibniz rule

𝑎[𝑛](𝑡) =
𝑛 ∑

𝑗=0 
𝑏[𝑗](𝑡)𝑐[𝑛−𝑗](𝑡), (15)

where 𝑎[𝑛], 𝑏[𝑛], 𝑐[𝑛] are the coefficients of the Taylor series similar to 

equation (7). It should be noted that all of 𝔅(⋅) consist a summation 
𝑛 ∑

. 
This will lead to a (𝑁2) computational effort (or number of arithmetic 
operations), since 𝔅(⋅) must do N times in every time step.

For simplicity of use and ultimate computational efficiency, we will 
define the ODEs in Python using an elegant symbolic mathematics pack
age Sympy[42], and translate the symbolic description into a set of C 
files to run efficiently.

3.2. Arbitrary number of significant digits implementation

There are many methods to perform the arbitrary number of signifi
cant digits arithmetical operation, the most famous one is GNU MPFR Li
brary [43]. It is designed in the C language and has been implemented in 
other languages, such as mpreal in C++, bigfloat package in Python 
and BigFloat.jl in Julia. It is well known that the language C has 
the best performance of all other languages, and the arbitrary number 
of significant digits in other language is based on the C version of GNU 
MPFR. So, it is natural to use the GNU MPFR in C language in CNSPy 
for speed consideration. However, the worrisome of using C language 

is the procedure-oriented feature and can not overload operators as in 
object-oriented language such as Cpp. To make the code readable and 
maintain the computational efficient, we use a series of macro define of 
the binary operation 𝔅(⋅), which will be substituted during the compile.

The self-adaptive number of significant digits implementation in CN
SPy using equation (12). The change of the number of significant digits 
can be realized by the function mpfr_prec_round in GNU MPFR. The 
mpfr_prec_round function will cost the extra time during the calcu
lation, so it is unnecessary to change the number of significant digits 
every time step [38].

3.3. Optimal order for parallel implementation

As we review previously, the optimal order of self-adaptive CNS is 
given by equation (9), which is originally from [37]

𝑁 =
⌈
−1
2
ln( tol 

𝑀𝑚

) + 1
⌉
≈ ⌈1.15𝑁𝑠⌉ , (16)

where 𝑀𝑚 is a positive constant and can be chosen to be 1. Equation 
(16) is derived under the assumption that the computational effort of 
the Taylor Series Method scales as (𝑁2) = 𝑐(𝑁 +1)2, representing the 
serial computational cost. Equation (9) builds upon this relationship, in
corporating an empirical coefficient of approximately 1.5 for the ratio, 
determined through comparisons of various 𝜇 values in equation (9). A 
theoretical derivation of the optimal value for the parameter 𝜇 in the 
context of parallel implementation is necessary to enhance understand
ing and efficiency.

For a parallel implementation, the primary component amenable to 
parallelization is the summation term in the equation (15):

𝑎
[𝑛]
id
(𝑡) =

𝑛 ∑
𝑗=id

step 𝑛𝑝

𝑏[𝑗](𝑡)𝑐[𝑛−𝑗](𝑡), (17)

where id = 0,1,2,… , 𝑛𝑝 represents the identifier of the processor, and 
𝑛𝑝 denotes the total number of the processors.

Then, the summation of 𝑎[𝑛]
id
(𝑡) is

𝑎[𝑛](𝑡) =
𝑛𝑝∑
𝑗=0 

𝑎
[𝑛]
𝑗
(𝑡). (18)

The computational effort of (17) and (18) is 𝑝(𝑁∕𝑛𝑝+log2(𝑛𝑝)). Hence, 
the total computational effort is
𝑁∑
𝑗=0 

𝑝

(
𝑗

𝑛𝑝
+ log2(𝑛𝑝)

)
=𝑝

(
𝑁2

𝑛𝑝
+𝑁 log2(𝑛𝑝)

)
= 𝑐

(
(𝑁 + 1)2

𝑛𝑝
+ (𝑁 + 1) log2(𝑛𝑝)

)
.

(19)

As discussed in Reference [44], for a given time step ℎ = 𝑡− 𝑡𝑚 and 
time 𝑡𝑚, if Δ𝑡 is small enough, the solution of (13) at point 𝑥𝑚 has the 
form

𝑥𝑚(𝑡) =
∞ ∑
𝑗=0 

𝑥[𝑗]
𝑚
(𝑡𝑚)(ℎ)𝑗 . (20)

With a sufficiently small Δ𝑡 = 𝑡𝑚+1 − 𝑡𝑚 and a sufficiently large 𝑁 , the 
(20) is truncated to (13) at point 𝑥𝑚 has the form

𝑥𝑚+1 =
𝑁∑
𝑗=0 

𝑥[𝑗]
𝑚
(𝑡𝑚)(Δ𝑡)𝑗 , (21)

satisfy‖‖‖𝑥𝑚

(
𝑡𝑚+1

)
− 𝑥𝑚+1

‖‖‖ ≤ 𝜀. (22)

Assume that series (20) is analytic on a disk of radius 𝜌𝑚, and there 
exists a positive constant 𝑀𝑚 such that
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|||𝑥[𝑗]𝑚

||| ≤ 𝑀𝑚

𝜌
𝑗
𝑚

, ∀𝑗 ∈ℕ. (23)

The truncation error of (21) can be written as

tol = 𝑥
[𝑁+1]
𝑚+1 (𝑡𝑚)(Δ𝑡)𝑁+1. (24)

So, the tolerance tol introduced from (21) can be given by

tol ≈𝑀𝑚

(
Δ𝑡 
𝜌𝑚

)𝑁+1
. (25)

Then, to satisfy the required tolerance tol, the time step Δ𝑡 should be

Δ𝑡 ≈ 𝜌𝑚

(
tol 
𝑀𝑚

) 1 
𝑁+1

. (26)

If the required accuracy 𝜀 tends to 0, the values of Δ𝑡 and 𝑁 that give 
the required accuracy can be found by minimizing the global number of 
operations. Thus, together with (19), the computational effort per time 
step can be given by

𝜙(𝑁) =
𝑐

(
(𝑁+1)2

𝑛𝑝
+ (𝑁 + 1) log2(𝑛𝑝)

)
𝜌𝑚

(
tol 
𝑀𝑚

) 1 
𝑁+1

. (27)

We can solve 𝜙′(𝑁) = 0 to find a 𝑁 such that 𝜙(𝑁) is the minimum 
value, and we have

𝑁 =−

√
1 
16

(
ln( tol 

𝑀𝑚

) − 𝑛𝑝 log2(𝑛𝑝)
)2

− 1
4
𝑛𝑝 log2(𝑛𝑝) ln(

tol 
𝑀𝑚

)+

− 1
4
ln( tol 

𝑀𝑚

) − 𝑛𝑝 log2(𝑛𝑝) − 1.

(28)

It should be noted that when 𝑛𝑝 = 1, (28) become

𝑁 = −1
2
ln( tol 

𝑀𝑚

) − 1, (29)

which is consistent with Simó’s conclusion [44].
Following [37], we choose 𝑀𝑚 = 1, and radius of convergence 𝜌𝑚 is 

given by

𝜌𝑚 =min{𝜌(𝑁−1)
𝑚

, 𝜌(𝑁)
𝑚

}, (30)

where 𝜌(𝑗)𝑚 is given by

𝜌(𝑗)
𝑚

=
⎛⎜⎜⎝ 1 ‖‖‖𝑥[𝑗]𝑚

‖‖‖∞
⎞⎟⎟⎠
1
𝑗

, 1 ≤ 𝑗 ≤ 𝑝 and ‖‖𝑥𝑚
‖‖∞ ≤ 1,

𝜌(𝑗)
𝑚

=
⎛⎜⎜⎝

‖‖𝑥𝑚
‖‖‖‖‖𝑥[𝑗]𝑚
‖‖‖∞

⎞⎟⎟⎠
1
𝑗

, 1 ≤ 𝑗 ≤ 𝑝 and ‖‖𝑥𝑚
‖‖∞ > 1.

(31)

Now, it is natural to ask for the value of 𝜇 from (9). The (28) can be 
written as

𝑁 =𝑁(tol) − 𝑛𝑝 log2(𝑛𝑝) − 1. (32)

Since the value of ln(tol) is negative, it is obvious that the tol related 
term 𝑁(tol) has

𝑁(tol) > −

√
1 
16

(
ln( tol 

𝑀𝑚

)
)2

− 1
4
ln( tol 

𝑀𝑚

) = − 1
4
ln( tol 

𝑀𝑚

) − 1
4
ln( tol 

𝑀𝑚

)

≈1.15𝑁𝑠.

(33)

If 𝑁(tol) follows a linear form proportional to 𝜇𝑁𝑠, then the ratio 𝜇
must satisfy 𝜇 > 1.15. This indicates that a larger value of 𝜇 is required 
when employing a parallel implementation, aligning with the value of 

Fig. 2. Relationship between number of significant digits 𝑁𝑠 and optimal order 
𝑁 with different number of processor 𝑛𝑝. 𝑛𝑝 = 1 is the serial implementation, 
which has the linear relation (16).

Fig. 3. Computation time comparison under different parallel configurations. 
Method A represents the conventional Taylor series algorithm with adaptive step 
size (26) and adaptive order selection (9). Method B demonstrates the CNSPy 
adaptive algorithm combining step size control (26), adaptive order selection 
(28), and significant digit adjustment (11). (For interpretation of the colors in 
the figure(s), the reader is referred to the web version of this article.)

1.5 selected by Qin and Liao [38]. However, the value of 𝜇 may vary 
depending on the total number of processors 𝑛𝑝, and the relationship 
defining 𝑁(tol) may deviate from linearity.

As illustrated in Fig. 2, the linear relationship between 𝑁 and 𝑁𝑠

progressively decreases with increasing number of processors 𝑛𝑝 . When 
applying linear regression to estimate the value of 𝜇 between 𝑁 and 
𝑁𝑠, 𝜇 increases as 𝑛𝑝 increases. This trend is reasonable since the com
putational effort for a single time step is directly influenced by the ratio 
𝑁∕𝑛𝑝. With more processors, a higher order 𝑁 can be used to reduce er
ror, allowing for a larger time step Δ𝑡, thereby reducing the total number 
of calculations. Furthermore, it becomes evident that a linear relation
ship cannot accurately capture the connection between 𝑁 and 𝑁𝑠 when 
𝑛𝑝 is sufficiently large. To address this, CNSPy numerically solves (28)
and employs a quadratic regression to derive a surrogate formula. This 
approach involves less computational effort than directly solving (28), 
while preserving sufficient accuracy in approximating the optimal rela
tionship.

3.4. Computational efficiency analysis

To quantitatively evaluate the computational efficiency improve
ment of the CNSPy adaptive algorithm, this section compares the perfor
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mance between conventional Taylor series software algorithms and the 
CNSPy adaptive algorithm under different parallel core configurations. 
For representative analysis, we employ the classical Lorenz-63 chaotic 
dynamical system as our numerical example. The computational time 
required for simulating 1000 Lorenz unit time is measured under serial 
(1 core) and parallel configurations (2, 4, 6, 8, 16, 32, and 64 cores).

The conventional Taylor series algorithm implements adaptive step 
size control (26) and adaptive order selection (9), while the CNSPy 
adaptive algorithm integrates three adaptation mechanisms: step size 
control (26), adaptive order selection (28), and significant digit adjust
ment (11).

Fig. 3 illustrates the computational time scaling characteristics, 
where blue bars and trend lines depict the conventional algorith
m’s performance, while orange components represent CNSPy’s results. 
Both methods show decreasing computation times with increasing core 
counts, but CNSPy consistently outperforms the conventional approach 
across all configurations.

The CNSPy algorithm demonstrates significant time reduction, par
ticularly in serial computation (1-core). While the performance gap nar
rows with higher core counts due to Amdahl’s law limitations on parallel 
speedup, the conventional method still requires twice the computa
tion time of CNSPy at 64 cores. This substantial improvement confirms 
that the CNSPy adaptive algorithm provides an efficient computational 
framework for clean numerical simulation of chaotic dynamical systems 
through its multi-adaptation mechanism.

4. Numerical experiments

In this section, we will test CNSPy via some typical models: Lorenz
63 model (the simplest chaotic model), Lorenz-96 model (a N-dimension 
chaotic model) and three-body problem. The numerical experiments are 
run on Intel(R) Xeon(R) Gold 6148 with 64 CPUs on our local cluster.

The definition of the relative error 𝜀𝑟 is

𝜀𝑟(𝑡) =

∑𝑁𝑑

𝑖=1
|||𝑥′𝑖(𝑡) − 𝑥𝑖(𝑡)

|||∑𝑁𝑑

𝑖=1
|||𝑥′𝑖(𝑡)||| , (34)

where 𝑁𝑑 is the number of the variable (i.e. dimensions of the model), 
𝑥′
𝑖
(𝑡) and 𝑥𝑖(𝑡) are two CNS results with different level of the background 

numerical noise, respectively.
Usually, the 𝑥′

𝑖
(𝑡) represents a CNS result with lower level of the 

background numerical noise than the 𝑥𝑖(𝑡). To compare the results, we 
will calculate the (5) with different settings. The adaptive setting is using 
the self-adaptive CNS algorithm via CNSPy, which is the default setting 
and recommended setting in CNSPy. The fix setting is using the fix order 
and precision via CNSPy. The examine setting is using the same setting 
as the fix setting but with a higher order and precision, i.e. 𝑥′

𝑖
(𝑡). The 

RKwD setting is using the fourth-order Runge-Kutta method with double 
precision via quick_run() function in CNSPy.

4.1. Lorenz-63 model

First of all, let us consider the famous Lorenz-63 model as illustrated 
in (5). The total calculated time is 𝑇𝑡 = 1000 (Lorenz unit time) and the 
Lyapunov exponent is 𝜅 = 0.91. The parameters in (5) are

𝜎 = 10,  𝑅 = 28,  𝑏 = 8
3
, (35)

with the initial condition

𝑥1(0) = −15.8,  𝑥2(0) = −17.48,  𝑥3(0) = 35.64. (36)

Under the above settings, the Lorenz-63 model exhibits chaotic property 
and has a strange attractor.

The adaptive parameters in CNSPy (adaptive) are given by

𝛾 = 1.1,  𝑇𝑟 = 300,  Δ𝑇 = 50, (37)

Fig. 4. Time histories of 𝑥1 in Lorenz-63 model calculated by CNSPy (adaptive 
in time step, order and number of significant digits), CNSPy (fix in time step, 
order and number of significant digits) and RKwD (fourth-order Runge-Kutta 
method with double precision).

Fig. 5. Relative error 𝜀𝑟 growth of the Lorenz-63 model solutions calculated by 
CNSPy (adaptive in time step, order and number of significant digits), CNSPy 
(fix in time step, order and number of significant digits) and RKwD (fourth-order 
Runge-Kutta method with double precision).

to give a good performance of CNS calculation according to refer
ence [38].

Here, we use the CNSPy with fix setting to recover the CNS calcu
lation in reference [14,18]. The critical time 𝑇𝑐 are set to be the same 
as total calculated time 𝑇𝑡 . To use CNS gain the reliable numerical so
lution, one must give the order 𝑀 of the Taylor series and the 𝑁𝑠 of 
the number of the significant digits in the fix setting. By using (11) and 
(9), the order is 𝑀 = 617 and the precision is 𝑁𝑠 = 411 with the criti
cal numerical noise 𝜀𝑐 = 10−16. To check the solution’s numerical error 
𝜀, the parameters of examine setting are 𝑀 = 800 and 𝑁𝑠 = 500. As 
shown in Fig. 4, the time histories of 𝑥1 calculated by CNSPy (adap
tive), CNSPy (examine) and RKwD are given in the last 20 lorenz unit 
time. The 𝑥1 of recommended setting CNSPy (adaptive) is exactly the 
same as the examine setting CNSPy (examine), which means the results 
given by CNSPy are reproducible, while the 𝑥1 of RKwD is completely 
different from the reproducible results given by CNSPy.

Now, let us focus on the error of the whole calculation process. As 
shown in Fig. 5, the relative error 𝜀𝑟 of CNSPy (adaptive), CNSPy (fix) 
and RKwD are given in the temporal interval 𝑡 ∈ [0, 𝑇𝑡]. The relative er
ror 𝜀𝑟 of the RKwD setting is basically at the level of 1, which means the 
magnitude of the numerical noise is same as the ‘true’ physical solution. 
If we use the (11) with the double precision (𝑁𝑠 = 15 and 𝜀𝑐 = 10−2), 
the critical time of the RKwD can be easily approximated, i.e. 𝑇𝑐 ≈ 33
(Lorenz unit time). Thus, the relative error 𝜀𝑟 grows exponential to about 
100 within 𝑡 ∈ [0,33] (Lorenz unit time). The relative error 𝜀𝑟 of the CN
SPy (adaptive) and CNSPy (fix) are all maintained far below the level 
of 100. It should be noted that the relative error 𝜀𝑟 is not the same at the 
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Fig. 6. Relative error 𝜀𝑟 growth of the Lorenz-63 model solution calculated by 
adaptive CNSPy (blue solid line referenced to left axis), solutions’ expected error 
𝜀𝑒 given by CNSPy’s adaptive algorithm (black symbol referenced to left axis) 
and the time historical order given by CNSPy (red solid line referenced to right 
axis).

Fig. 7. Time histories of 𝑥1 in Lorenz-96 model (𝑁𝑑 = 5) calculated by CN
SPy (adaptive in time step, order and number of significant digits), CNSPy (fix 
in time step, order and number of significant digits) and RKwD (fourth-order 
Runge-Kutta method with double precision).

beginning of CNSPy (adaptive) and CNSPy (fix). This difference comes 
from the safety factor in (12), to balance the extra numerical noise that 
introduces from the adaptive algorithm.

To further check the adaptive algorithm in CNSPy, the relative er
ror 𝜀𝑟, expected error 𝜀𝑒 that CNSPy gives to the calculation and the 
order 𝑀 during the calculation are given in Fig. 6. The relative error 
𝜀𝑟 changes as the CNSPy designed, at each Δ𝑇 , the order 𝑀 decreases 
and the expected error 𝜀𝑒 increases to lead the relative error 𝜀𝑟 . At the 
last remained interval 𝑡 ∈ [𝑇𝑐 − 𝑇𝑟, 𝑇𝑐], the order 𝑀 stops to decrease 
and the relative error 𝜀𝑟 grows naturally to the final time. This is the 
simplest example to use CNSPy solve a chaotic system.

4.2. Lorenz-96 model

The Lorenz-96 model is defined as follows:

𝑑𝑥𝑖

𝑑𝑡 
=
(
𝑥𝑖+1 − 𝑥𝑖−2

)
𝑥𝑖−1 − 𝑥𝑖 + 𝐹 , 𝑖 = 1,… ,𝑁𝑑, (38)

where 𝑥−1 = 𝑥𝑁−1, 𝑥0 = 𝑥𝑁𝑑
, 𝑥1 = 𝑥𝑁𝑑+1 and 𝑁𝑑 ≥ 4. 𝐹 = 8 is a com

mon value that causes chaos. It is a N-dimensional chaotic system and 
is convenient to solve by CNSPy. In this subsection, we use 𝑁𝑑 = 5, and 
the Lyapunov exponent is 𝜅 = 0.48. The initial condition is

𝑥1(0) = 8.01,  𝑥2(0) = 8.0,  𝑥3(0) = 8.0,  𝑥4(0) = 8.0,  𝑥5(0) = 8.0, (39)

and the adaptive parameters in CNSPy (adaptive) are given by

Fig. 8. Relative error 𝜀𝑟 growth of the Lorenz-96 model (𝑁𝑑 = 5) solutions 
calculated by CNSPy (adaptive in time step, order and number of significant 
digits), CNSPy (fix in time step, order and number of significant digits) and 
RKwD (fourth-order Runge-Kutta method with double precision).

Fig. 9. Relative error 𝜀𝑟 growth of the Lorenz-96 model (𝑁𝑑 = 5) solution cal
culated by adaptive CNSPy (blue solid line referenced to left axis), solutions’ 
expected error 𝜀𝑒 given by CNSPy’s adaptive algorithm (black symbol refer
enced to left axis) and the time historical order given by CNSPy (red solid line 
referenced to right axis).

Fig. 10. Relative error 𝜀𝑟 growth of the Lorenz-96 model with different 𝑁𝑑

calculated by adaptive CNSPy (blue solid line) and RKwD (red dash line).

𝛾 = 1.15,  𝑇𝑟 = 500,  Δ𝑇 = 50, (40)

to fit the Lorenz-96 model perfectly.
Similarly to the previous subsection, we contract the CNSPy default 

settings, i.e. adaptive settings with the fix settings and examine settings. 
The order and precision are set to 𝑀 = 338 and 𝑁𝑠 = 225 in fix settings 
and 𝑀 = 400 and 𝑁𝑠 = 300 in examine settings according to (9) and 
(11), respectively. As shown in Fig. 7, the time histories of 𝑥1 calculated 
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Fig. 11. Comparisons of the trajectories of the three-body system in 𝑥− 𝑧 given by the CNS (left) and the RKwD (right) during 𝑡 ∈ [0,1000]. (a)-(b): 𝑥− 𝑧 trajectories 
of Body-1; (c)-(d): 𝑥− 𝑧 trajectories of Body-2; (e)-(f): 𝑥− 𝑧 trajectories of Body-3.

by CNSPy (adaptive), CNSPy (examine) and RKwD are given in the last 
20 lorenz unit time. The 𝑥1 of recommended setting CNSPy (adaptive) is 
exactly the same as the examine setting CNSPy (examine), which means 
the results given by CNSPy are reproducible, while the 𝑥1 of RKwD 
is completely different from the reproducible results given by CNSPy. 
Then, the relative error of the whole calculation process is considered, 
as shown in Fig. 8 and Fig. 9. The CNSPy provide a good control of the 
numerical noise, and both CNSPy (adaptive) and CNSPy (fix) maintain 
the relative error 𝜀𝑟 far below the level of 100.

To further demonstrate the utility of CNSPy in high-dimensional 
chaotic systems, Fig. 10 presents a comparison of the relative errors 
𝜀𝑟 produced by the proposed CNSPy (adaptive) and the traditional 
RKwD when solving the Lorenz96 model for varying system dimensions 
𝑁𝑑 . It is evident that CNSPy consistently maintains low relative errors 
across all tested dimensions, including challenging high-dimensional 

cases such as 𝑁𝑑 = 160. In contrast, the relative error 𝜀𝑟 associated with 
RKwD increases rapidly with both system dimension and integration 
time, highlighting the limitations of conventional methods in achiev
ing reliable long-term integration for high-dimensional chaotic systems. 
These results underscore the reliability of CNSPy for long-term simula
tions in complex dynamical regimes.

4.3. Three-body model

The famous three-body model is defined as follows:

𝑥̈𝑘,𝑖 =
3 ∑

𝑗=1,𝑗≠𝑖

𝜌𝑗

𝑥𝑘,𝑗 − 𝑥𝑘,𝑖

𝑅3
𝑖,𝑗

, 𝑘 = 1,2,3, (41)

where 𝑥𝑘,𝑖 is the i-th body along k-th direction,
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Fig. 12. Relative error 𝜀𝑟 growth of the three-body model solutions calculated 
by CNSPy (adaptive in time step, order and number of significant digits), CNSPy 
(fix in time step, order and number of significant digits) and RKwD (fourth-order 
Runge-Kutta method with double precision).

𝑅𝑖,𝑗 =

[ 3 ∑
𝑘=1

(
𝑥𝑘,𝑗 − 𝑥𝑘,𝑖

)2] 1
2

(42)

denotes the distance between the i-th body and the j-th body, and

𝜌𝑖 =
𝑚𝑖

𝑚1
, 𝑖 = 1,2,3 (43)

denotes the ratio of mass, where 𝑚𝑖 denotes the mass of the i-th body. 
Following Liao [17], the initial positions are

𝐫1 = (0,0,−1) + 𝑑𝐫1, 𝐫2 = (0,0,0), 𝐫3 = −
(
𝐫1 + 𝐫2

)
, (44)

and the initial velocities are

𝐫̇1 = (0,−1,0), 𝐫̇2 = (1,1,0), 𝐫̇3 = −
(
𝐫̇1 + 𝐫̇2

)
, (45)

where 𝑑𝐫1 = 𝛿(1,0,0)) is the micro-level physical uncertainty with 𝛿 =
10−60. The mass of the bodies are all equal to each other, i.e. 𝜌𝑖 = 1
with 𝑖 = 1,2,3 and the Lyapunov exponent is 𝜅 = 0.168. The adaptive 
parameters in CNSPy (adaptive) are given by

𝛾 = 1.4,  𝑇𝑟 = 500,  Δ𝑇 = 5, (46)

to fit the three-body model perfectly. The order and precision are set 
to 𝑀 = 135 and 𝑁𝑠 = 90 in fix settings and 𝑀 = 220 and 𝑁𝑠 = 150 in 
examine settings according to (9) and (11), respectively.

In Fig. 11, we present the trajectories of the three-body system com
puted using CNSPy (adaptive) and RKwD over the entire simulation 
period. The trajectories produced by CNSPy align precisely with the re
sults reported by Liao [17], affirming the reproducibility of the Clean 
Numerical Simulation (CNS) method and the accuracy of CNSPy. Con
versely, the trajectories calculated using RKwD exhibit significant de
viations, with the three bodies diverging markedly due to numerical 
noise. Regarding the relative error 𝜖𝑟 , as illustrated in Figs. 12 and 13, 
both CNSPy (adaptive) and CNSPy (fixed) effectively control the rela
tive error, demonstrating robust performance in maintaining accuracy. 
In contrast, RKwD fails to achieve comparable precision.

5. Conclusion

In this paper, we have presented and analyzed the implementation 
of the CNS method in the context of chaotic dynamical systems, specifi
cally focusing on the solution of ordinary differential equations (ODEs) 
through Taylor series method. The primary objective was to address the 
challenge of numerical noise, which grows exponentially in chaotic sys
tems, by introducing a self-adaptive approach within the CNSPy.

Our results demonstrate that CNSPy effectively reduces numerical 
noise by leveraging higher-order Taylor expansions and extended pre
cision formats. This reduction in error enables for more accurate long

Fig. 13. Relative error 𝜀𝑟 growth of the three-body model solution calculated 
by adaptive CNSPy (blue solid line referenced to left axis), solutions’ expected 
error 𝜀𝑒 given by CNSPy’s adaptive algorithm (black symbol referenced to left 
axis) and the time historical order given by CNSPy (red solid line referenced to 
right axis).

term predictions, providing a reliable solution to chaotic systems where 
traditional numerical methods might fail due to accumulated numer
ical noise. Through careful analysis, we established that the ratio 𝜇
in the parallel implementation must be adjusted based on the number 
of processors 𝑛𝑝. This implementation gives better performance than 
conventional Taylor series algorithm under serial (1 core) and parallel 
configurations (2, 4, 6, 8, 16, 32, and 64 cores).

The application of CNSPy was validated by calculating the solutions 
of several chaotic systems and the performance of controlling the nu
merical noise is shown by comparing the CNSPy with RKwD. The results 
showed that CNSPy produced highly accurate and reproducible results, 
consistent with previous studies, while RKwD exhibited significant de
viations due to numerical noise. CNSPy offers a robust, self-adaptive 
framework for solving chaotic ODEs, providing a reliable tool for both 
theoretical and computational studies of dynamical systems.

Finally, from the viewpoint of user, it should be emphasized that, the 
software automates the CNS computational workflow by automatically 
converting Python-defined ODEs into a parallelized C code, eliminating 
the need for error-prone manual derivation and coding while ensuring 
high efficiency in high-performance computing (HPC) environments.
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